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r = 3n, statically determinate
r > 3n, statically indeterminate
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Example 1

r=3,n=13=301)  Statically determinate

(b)
r=5n=15>3(1) Statically indeterminate to the second degree
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r=6n=26=32) Statically determinate

r=10,n =3, 10 > 33 -_.Sl'a_tics.n'll.}" indg_tt::l‘minata to thﬂ'ﬁls_i_.dégi'ee B
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Example 2

r=Tn=27>6
© Statically indeterminate to the
. firstdegree ~ Ams.

. o .t.’”=l9,f;_.=.3,9.=.9,. s :
. ®  Sutcallydeterminate  Ans.
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Statically indeterminate to thé
fourth degree Ans.

r=9n=39=9 | I

Statically determinate ~ Ans.
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Example 3

r=10,n=12,10> 6, ' E

—
2 S

il t

r=9n=292>6,

Statically indeterminate to
the third degree -~ Ans.
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r=9n=19>3
Statically indeterminate to-
the sixth degree  Auns.
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parallel reactions
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(+1) 0=-Ap+ A
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EXAMPLE 104

Determine the reaction at the roller support B of the beam shown in

Fig. 10-8a. EI is constant.

S0 kN

actual beam
(a)
Fig. 10-8

September 26, 2020

26 September 2020

SOkN

A B
= — A
P 7’5-13
(b)

primary structure

+

#@w = B.fun
B,

redundant B, applied

21
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Compatibility Equation.

(+h

(Continued)
Taking positive displacement as upward,
Fig. 10-8b, we have
0= —Ap + Byfpp (1)
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© Substituting these results into Eq. (1) yields
M (kN-m) 9000 576
(+h O B’(E) B, =156kN  Auns.

If this reaction is placed on the free-body diagram of the beam, the
| x(m) reactions at A can be obtained from the three equations of equilibrium,
327 12 Fig. 10-8c.

=

Having determined all the reactions, the moment diagram can be

93.8 @ constructed as shown in Fig. 10-84.
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(+{) 0 = Ac + Byfeg + Cyfec
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00<x<05 12x 2x/3 X/3
05<x<10 6x+3 2x/3 x/3
1.0<x<15 6x+3 1-x/3 X/3
15<x<20 —4x+18 1-x/3 X/3

20<x<3.0 -6+20x-6x> 1-x/3 2-2x/3
Range M, M, M,
00<x=<05 |12x 2x/3 x/3
05<x<10 |6x+3 2x/3 x/3
1.0<x<1.5 | 6x+3 1-x/3 | x/3
15<x<20|—4x+18 1-x/3 | x/3

20<x<30 | _6120x—6+2|1—x/3 2-2x/3
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EI|0.39 045||R.[ EI[9.08
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Analysis of Statically indeterminate frames
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EXAMPLE 106

Determine the support reactions on the frame shown in Fig. 10-13a.
El is constant.

8 kN/m 8kN/m

actual frame i

primary structure redundant B,

- s o FB.fail
Fig. 10-13

Compatibility Equation. Reference to point B in Fig. 10-13b requires

“5) 0=A3+ B,fps (1)
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EXAMP LE 106 NEITHTIe)

The terms A g and f gg will be computed using the method of virtual
work. The frame’s x coordinates and internal moments are shown in
Fig. 10-13¢ and 10-134. It is important that in each case the selected
coordinate x; oT x, be the same for both the real and virtual loadings.
Also, the positive directions for M and m must be the same.

For Ag we require application of real loads, Fig. 10-13¢, and a
virtual unit load at B, Fig. 10-134d. Thus,

o [fMm, f(zo;a — 423)(0.8x,) dx, .\ fmuxz) dx,
il EI b EI h EI
_ 166.7 1667
~ & "YTTET

For fpgp we require application of a real unit load and a virtual unit
load acting at B, Fig. 10-134. Thus,
" 4(1x2}2 dxg
b EI

Fop = Cmm | [7(08x)" dx
B — | EI o EI

213 480

267

EI EI EI
Substituting the data into Eq. (1) and solving yields

166.7 480
-Een{E) »

EI
Structural Analysis Prof. M. Samara

0 =347 kN Ans.

September 26, 2020

1kN

8 kN/m

20k

oy
5 bty = 20 a2

(e)

(d)

53

ETXEIRICTS (continuee

Equilibrium Equations.

of equilibrium, we have

Showing B, on the free-body diagram of the
frame in the correct direction, Fig. 10-13e, and applying the equations

S5 3F, =0; A, —347=0A, =347kN Auns.
L+ SM, = 0; —40(2.5) + B,(5) — 3.47(4) = 0 B, = 22.8kN Auns.
+13F, = 0; Ay —40 + 228 =0A, = 172kN Auns.
40 kN

l 1

O i, |

A 25m —l—— 25m |

A,
347 kN
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3

Apy= % [Lals(—zﬂ}dﬂfz + jﬂ —(24.5+10x3)3.5 d.xa] = _%2'8
Bon= % Jﬂ 3'5(—6363)(1::;i + f—(24.5 +10x)(3 — x5 }dxa] - _%
fio = = [ by + [} 3.5%dx,| = 22
foz = ﬁ :fuz xidx, + IDB.E- 3%dx, + f03(3 —x3)? dxa] = %
fo = frr = ﬁ [J:..s 3x,dx, + IGB 3.5(3— xz}dxz] - %
September 26, 2020 Structural Analysis Prof. M. Samara 5

Substituting for Ap \, Ap s 1, €tC., in Eqgs (i) and (i) we

obtain
489.8 51.0 34.1
- 20R, + 2R, =0
EI t gr *1 t Er 2
241.0 34.1 49,5
— 2R, + 22k, =0
EI t Er 1 + El 2

Solving these two Eqgs yields R;=11.8 kN, R,=-3.3kN
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The bending moment diagram is then drawn as shown
in the following Fig.

698 kN / c
ik 9.9kNm

on tension side of members

13-2kNm
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L g Bl e ASedd) i) gl Jdas

Analysis of Statically Indeterminate trusses

7.0kNm Bending moment diagram drawn

LegalS ol Llals o L jla e e (Sl el 0% o S
1y oailse Jladl 250 alay) sl Lis A jie e IS 136 Tas
13 el e _a Y il Jalas a Tl s i 5 30 dpngiall
ALY ol LS aldas atd LAl ) ie e S
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BaSal) i gall 3 sSdl g L) aae

Static Indeterminacy of Trusses

b+r =2j  statically determinate :

b+ r>2j statically inﬂe’téfmiﬁétéﬁ

.

Sl Silall jalic s b
SSeal el sse sae

JadYl 250 ) Gl e 22e 1

SsSall 8l axe A 3 (b +1) - 2]
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2,

tJlia

Determine the reaction at support 4, C, E and all the member forces. Take E
=200 GPaand 4 = 500. mm?.

1

—

A B
e— Sm—se—— 5m —»
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SOLUTION  Use compatibility of displacement to obtain reaction

* Principle of superposition

Compatibility equation: Ac=0=A'++f R - (1)

September 26, 2020 Structural Analysis Prof. M. Samara 65

+ Use unit load method for A" -and f,

5.
39 m
20 T~ S SN L
5“‘“&1“_:&39 m A c = AE.
L“‘ﬁ-\_\_\_ 1
~ (53.85)(-2.69)(5.38)
T (200x109)(500x10-)
Cl =-7.81 mm, |
o - A
T X ni"n II'E
e— 5m——sbe— 5m — fee =
. AE,
B 2(-2.69)%(5.385)
(200x10%)(500x105)
2(2.5)4(5)
(200x106)(500x10-5)
=141 mm. T
45
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Prof. M.Samara 33



Structural Analysis Lecture Notes 26 September 2020

* Substitute A’ andf-in Eq. (1): Ac =0=Ac+/fecRe A =781 mm.
+T:-781+141R. =0 fee=141mm,T
R.=554 kv, T

38.03 kN Al446 kN
g

<
36.15kN

36.15 kN

+13.85 B +13.85

N, (N)
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sJlia

Ol 1 nina (a) JS&) (b cpuall (S8l A jualic (s 6l aa
EA Uil paliall S

c P B C

y

(a) ) (c}
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e e 4S5 T A ) e () JSA (8 ool (Sadl) i)
2 adaity (b L) e () Jsmins (A591 A, e LA
(b) JSU 3 (e 58 LS BD aiall ¢S4l 5 0 jualic

P ol daall e aalil) adadll 8 e (g JEEY) lual
Il b e s LS adail) uila die et sl (s 5l and (ke
o stlaall JEEY) a2 4000 483 gk s . (C)

La )l sl e Al GulaY) Sl el pualie b ol A Fo,
Laan gl (5 sl Baal 5 e Aadll) ulu) Sl el palie A sl &*Fy
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Aaa 5l s sill Baal 5 e aalill adadll 8yl oy JEBY] Glal
edll ails vie dpes ) (g 6l Baal g Gudad (g A3 el Jala)
fop Sles A 400N A8l Bl g, (C) JSE (8 (e g8 LS
L “—’}SLAM
_ 155
fon = ) =k

=
Xgp fap st Xgp 0= gl Jisy)

(s adadll g g o Sl Gl aladl (g
Agp + Xgpfep =0
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gl (S 2 a5 Xy getia il sl sl Adlaa Ja
A3k ) sl A3yl S8l HAN pualic 4 8 g )
il

sl s ) J ol

Member  L;(m) Foj Fyj FojFuly  FAl Faj
AB L 0 -0.71 0 0.5L +0.40P
BC L 0 -0.71 0 0.5L +0.40P
CD L -P -0.71 0.71PL 0.5L +0.60P
BD 1.41L - 1.0 - 1.41L +0. 56P
AC 1.41L 1.41P 1.0 2.0PL 1.41L +0.85P
AD L 0 -0.71 0 0.5L +0.40P

Y=2.71PL Y=4.82L
September 26, 2020 Structural Analysis Prof. M. Samara 71
2.71PL 4.82L .
App=——, fep= — dsallos
2.71PL 4.82L

=0 la gl ala) Aalas (& (ia g

i Gla il alad) ddabaa Ja

X
AF 5D 4E

Xgp = - 0.56P (i.e. compression)
Sl jealie B 8 F, bl (5l sl o o e

el Ay jlay of el Ay ylay o)
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(8) S L ) LSl Al pealic 8 s il o 10l

EA G Ll yualiall U< o Lule
10 kN 10 kN
A Y B A &
3 X,
Im
. < D C
E D E
& %/,%WA &
1 Im 1 1m R Ry
T T 1 (b)
@
A B A B
1
1
& ,C
E D E D
N N 1 T
© @
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o2 5 ba s ke e (8) JSE B Gl Sadl) s
Codal) asf Al ) 3130 B3l gia s | jdine By 45y Llaly ) jia
sed AUl 5 C ddadil) xie sl A1) 5 BD SIAD
(ol Liia) e () Jgmiy s A Anpall e ) e
JA 3 e 98 L& C die aiwall A ) s AD ladll adaiy
(b)

C m&ﬁm‘w\d‘)jxl_iAD)wﬂ\‘ﬁﬁjﬁ\w
R, -

il Laaoad sl sl alaas gl Laal o oS 1)

C awwdl AYIS AD
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dan Al il (e aalill AD eaiall b adadll Lk oy JESY) ol
(C) S 3 (e sp LS il oils ie Span 5l (s sl 53a) 5 3ilai (A )
ik (vg) A A il e aalill € Al xie LA JEEY) sl
(d) S B e 8 LS C i dpas o)) (5 g8l Baal

s 5l (5 5l 8aa) g e aalll AD el b adail) bk cpy JEEY) lasal
e s LS gdaill s e e gl (5 sl B2y (Bala ( fy R g sall Jalaa)
- (c) Jsab 2

Al LA Loan g1 (5 sl Banl 5 (e paldll € Al ie LAY JUY) ol
JSEN & (e 58 LS C e et sl (5 5l 82y (gala ( p &g pall Jalas)
(d)

Gaad sl (5 5l 33 s e aalll AD eaiall i adaill i yha (o JEEYT lasal
sie daaa sl (o il B3a) 5 Gl ( y A pall Jebas) C e dadadll 3 L3
Structural Analysis Prof.M.'ga(rjnladm\ ‘; Q'-HA ‘}“ LS C 75

September 26, 2020

mber L, Fo; Fy  Fyy FoFuly  Foffaly  FAly FLL FiF,ly  Fa
AB 1 100 -0.71 -20  -7.1 -20.0 05 4.0 141 0.67
BC 141 0 0 -141 0 0 0 2.81 0 -4.45
co 1 0 0 10 0 0 0 1.0 0 3.15
DE 1 0 071 10 0 0 05 10 -0.71 0.12
AD 141 0 10 © 0 0 1.41 0 0 4.28
BE 141 -1414 10 141 -200  -2811 141 281 2.0 5.4
BD 1 0071 0 0 0 05 0 0 -3.03
y=-271 Y=-4811 Y=432 Y=11. Y=27
62
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n
Fy:F, ;L. —27.1
From the table  a,,= Z 07° 157 _
: AE AE
j=1
n Fl].jFZ.ij —48.11
UC = .:1 =
g AE AE
FZE-L- 4,32
f = ﬂ' 1.77) ="
1 J=1 AE AE
2 7.
fry = X7 Bl _ 1162
22 =1 4 AE
o= f =y Fuifely 27
12 21 =17 4f iE
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fb LS il gl alad) Ua b G
App + Xy +1,R, =0
Ve + X TR, =0
[ G sailly
271+ 4.32X, + 2.TR, = 0
48.11 + 2.7X, + 11.62R, = 0
0 Gl (e
X, =4.28kN, R,=3.15kN

Aall Ay oy Sl sl pealic Ay A F; Rladll (ol sl o o5 Gy
abliall 35 5y
78
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Jlia

The beam shown in Fig. 10-17« is supported by a pin at A and two
pin-connected bars at B. Determine the force in member BD. Take
E =200 GPa, I = 300 (10°) mm" for the beam, and A = 1800 mm? for
each bar.

- 'ac_tual structure

(a)

September 26, 2020 Structural Analysis Prof. M. Samara 79

| | Cw
Compatibility Equation.  With reference to the relative displacement
of the cut ends of member BD, Fig. 10-17b, we require

0= Agp + Fep fap D 1
The method of virtual work will be used to compute Agy and fzp ap .
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90 kN

65 kN

i

L Mm _— nNL (3{]x 3.3330)(0) dr  (-69.3)(-0816)(18/%o0s 30°)  (0)(1)(1.8/cos 45°)

8= | T EI AE AE
7S 6 0,0003264 m — 0.326 mm
1800(200)
foo= /erfdx s 'L f 0y dx (-0.816)*(1.8/cos 30°) (1°(1.8/cos 45°)  3.93
BDED EI AE Jo EI  AE AE ~ 1800(200)
= 1.092(10°%) m/kN : :
September 26, 2020 Structural Analysis Prof. M. Samara 81

Substituting the data into Eq. (1) yields

0 =Dpgp+ Fap fap 8D
0 = 0.003264 + Fpp(1.092)(107)

Fgp =-29.9 kN = 29.9 kN (C) Ans.

Using this result, draw the free-body diagram of the beam and show
that Fgc = 44.9 kN (C), A, = 1.31 kN, and A4, = 30.0 kN.
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¢S A5y b o ddla) cllaadl

Laid) pealial mm@!\ paiaadll e £ 45 jall idlalas adins
Ziaal) Fua AN Jlea¥l Ld 38 Y 5 Led 2 5Sall o) gall miliad 5
38l zaal COlebaall o3 cand () Le agle 5 b)) Ll e
Jleal (5f b e daalill Laiall silise Jladl 350 5 alagy alaaiud

Lasal e

Aabaa N ALS G Y N A, e LS e e Laie I

sl (il gl alal

Ay + fuRy + fraRy + - + fiuRy =007 e

Ay + fuRy + foRy + - + R, =0

An + f;thl + fn?.R2 + o+ flmRn =0
o) Land) e diadl) daa il Jlal) e A L A aiad
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Sl A ghaall JSa e 28 Y alaall de sane LS (Say

o iz o fu || B A,
fZI f22 : ; - f]n Rz = A:Z (10_2)
fnl fnz e fm: Rn ﬁn

or fR = —-A

5 ybaliie () oS 405 pall 48 shima i f = ol L
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Onlaadal) cild Gl 68Y) Jalas

Analysis of Two-Pinned Arches

Baaly (A sSu pi ade ds yo (@) JSAN (8 el (plaadall (53 (a8

-—
" Ren (=R)

()

GSars. Y 5 X Ol dasd 5 e sill cwdigh JSEN e el (S
Udae oo piiaiungg Saiall AlaaYl (e dll Jsh o ddlaall aaa3

| Bl o jall dnlais

Jalas 3l ga WS (g 8l A4 yhay cpliadall (63 e g8l Jalas (S
uYMY\uMmMJM\gﬂ\ﬂmwu Guaﬂ\chu\_}.k‘!\
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Jadll 2y oay (oubaad Liia) e ) Ll J s Aol 8
a5 Gaai o (pa s () US 3 e 50 LS B i Ry &Y
walll Ay () JEEY1 sy s B sie aes s Jlaay)
2yl Jabaa dlasl A3 5 dua A Jlea¥) oo

f11
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My M, M%
&B.H:J‘ dS 44 — . _dS
profite El fll fProlee EI

sl Janll 3as) o ASlae L3 S LG R,
La Al Jlall ge aalill Gulu) Lasall 8 o 5el M,
Laa gl Jaa¥l saal 5 e aalill (i) Ll 8 o 5el M = Axy
fi1 = f : y_z
“Profile E]
;‘;Jg LS B aie YR sl lalaa G
Apy — f1aRy =0
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i i) Alilaa 3 ) 5 Ag g o s

M,y
fP?"OfiIe El ds

y2
Jpro fite BT 45

R-]_:
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10 kN/m dm
IEEEEEEEE]

= Jadl 293 5 aa

Rap —» A B ~— Rgy (=R)
. . u‘u)ﬂ‘
TRA,V (a) RB_‘,T st:ﬁ 95):!‘.33‘
10 KN/m ) ge 1) .“! a
EEEEEEEEE S
(a) Js& 4

B El of We

o o wl @
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[ Myy ds
Profile ET
R, = >
Y

[ .. Z=ds

Profile EJ

My = R (5 + 5cos 8)—?(5+ 5cosd)?  (j)
Rpy =50 kN. Bl o
i (i) el A Gy il

M, = 125 sin2 8 (ii)
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y=5sinB ds =5d6,

I, 125sin?0 5sinf 5d0 |, 25sin®0 db
J, 25sin26 5d@ J, sin?6.dé
Ry = 21.2kN (= Rp.5)

1

i )l Y alaa aladtiuly g

RA.H =212 kN RA.V = RE‘V =50 kN
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adalil) 4

Secant assumption

DA dls/l sl Jhaial o513 dad) daa (S Ry ey
x 3 Ll (58

S 55 4l sk sl (g0 1 eaie 2304
6)’ :&LQSX J}AAS‘L_ALSXMMA

os

6 Ox =0s cos O
dx

(S B — S et Luvic

ds dxsecH
ds = dx/cos 8 =dx sec® and T:f
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e s | G ill o el ahadadl Al o e f Lica 5d 138
i | = sec 0 Cusy sl Jsha
ds _ dxsec®  dx

I _Igsenﬂ_ Iy
i Ry Aalea (& (g sailly
Mgy dx

Mg yd
=X
fProﬂle EI JﬂlI'mfile
Rp=——>F— Or R =

2
¥
fProfileEIO dx fProfile

y2dx
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Jlia

ol Lle ISl 8 cpaall (o sl Litial) ilise JUadl 2505 220
Gy ity amyal) daaie e e s (8180 adad JS5 L gl
2Bl A

-—
Rgn (=R)

“rak | KR

-1
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o LS (gl e Aalae (i€
4h .
y =7 (Ix —x%) (i)
PGS Agle 5 B o) vie J8Y) 4@l ) e Liie e J paall
My =R;px (0< x<a)
My =Rjyx—W(x-a) (asx<L)
oY) Ll e A dieall J@LEN Jedll 5 R,
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b B il die o g jall ¢ ) 58 Aalae US
RiyL—W(L—a)=0
Riy==(L—a)
T My Aabae (& Gl el
Mo == (L —a)x (asxsL) (i)
M, :%(L_x) (0Osx<a) (iii)
i JEie (S8 Ry Aoles (3 5l plie dlalSay
L 4hy\? 8h2L
2dx = f (—) (Lx — x?)%dx =
J;:'mfiley 1] L2 15
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w 4h

Ry th[ I 3)XL_2(LX_ x?)dx 13)
Lwa 4h

+ ) T(L— X)L—z(LX—XZ)dX

R, = :KZ (13 + a? — 2La?) (iv)
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o LS (i) Aslaal) st g = KL LS 13 i) JEal) 3

5WL
R, = — (k+ k* — 2k?®
1 sh (k+ )

KoL, koL, lilae Lo Ziae Jaa¥1 (e e pame Jal (e 13

A e dea JIR; dadll o) Qs 20 B e kL. ..
S Jail) 3 e peanll i) 353 ) aand
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P £ 550 Jan (e ol RT Jadl) 2 alag) (b Aad) Al ol Sy
Ol s (88 adad (ol (o Lale olial (SN (8 LS G sl Slaa (e e e
el A 5l (a8 g sy am yall dadaile Alldae o 50
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838 5 8X L ill badse (3 Jsha e A sall X Al genll e ) (Say
A ARl 2aa SR 81 Jad o) i ale

5 L
SR, = —w éx—(k + k* — 2k*
1 SW Xh( + )

k =x/L

K=X/L U928 aan (815 ALl ddalaall JWlSs R sy
2 SWLJ”‘2 x x*t 2% 4
= — — _l_ S —
tTn ), LT B )
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__ 5wl «? %3 x* x2
Ri=— o0tz o2
g2h La2L 5L 2L 041

@ (X, = 0, X = L) Slaal) JalS e 2l & 550 Jan dalf 00
2 s5wL /1?2 1I° 1* wl2
= — —_l____
7 gh \2L " 51¢ 213

~ 8h
ro LS (X, Y ) oesil) (e ddais gf & Gallani¥) a5 aaa)
wL wx? wL? [4h
M= —x————[— Lx — x* }
2 2 gh LL2 ( )
wL wx? wL wx?
M="x—" - Tx4+ =0
2 2 2 2
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il il () g8Y)
Tied arches

b Jaay dlady 8Y1 Jadll o) Jasind @YW (any
:(a) JSa) 8 LS e gl

(@) (b) (c)
o8 LeS daady @lly g X1 dadll a5l ) e Gulad Liie e gaall
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LaS Apan sll (5 5ill Bas) 5 (gakas Gl Liiall (40 B ie 8891 QL) yaaid

i (c) Jsal
MM LE.F,L
AB.HZJ g ldS"‘f 0L dX
Profile El ] AE
; f M2 4 LFde
= —as + — axX
And 11T ) ole EI o AE

B aic CYWHEY alawa) Adalas (& (i gal
Apy + f11X1 =0
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