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ABSTRACT 
A theoretical model for the real and imaginary parts of the susceptibility of 

superconducting thin disk as a function of a perpendicular applied magnetic 

field were derived. In order to do the calculation according to this model, 

matlab codes were written. The calculation was done with the assumption that 

the critical current density is independent of the applied magnetic field (The 

Bean critical state Model). The real and imaginary parts of susceptibility was 

then calculated at different films thickness and at different critical current 

densities. The calculation was repeated with the assumption that the critical 

current densities are magnetic field dependent by using the concepts of Kim 

and Exponential models. It was found that the magnetic field of full penetration 

increases linearly as the disk thickness increases,  for 

the Bean Model,  for the Exponential model, and 

 for the Kim model. Moreover, the magnetic field of 

full penetration increases linearly as the critical current densities increases. The 

results of using the ac susceptibility model showed agreement with some of 

published works. 
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إٌداد ًَورج َظشي نهطواعٍح انًغُاطٍسٍح انًرُاوتح نغشاء َاقم 

 فائق سقٍق تشكم قشص فً حقول يغُاطٍسٍح عًودٌح عهى سطحه

 

 (1)معن سليم
 81/18/5182الإيداع  تاريخ

 2015/05/14  قبل للنشر في

 الملخص
ح نهُواقةم اناائقةح عهةى ذى إٌداد ًَورج َظشي نهقسًٍٍ انحقٍقً وانرخٍهً نهطواعٍةح انًغُاطٍسةٍح انًرُاوتة

انقسًٍٍ انحقٍقةً  يٍ أخم إخشاء حساتاخشكم قشص سقٍق كراتع نشذج حقم يغُاطٍسً عًودي عهى سطحه. 

وفق هةزا انًُةورج كبرةة عةذد يةٍ انكةوداخ تاسةرخذاو  وانرخٍهً نهطواعٍح انًغُاطٍسٍح انًرُاوتح نهُواقم اناائقح

ٍ انحقٍقً وانرخٍهً نهطواعٍح انًغُاطٍسةٍح انًرُاوتةح نهُواقةم نقسًٍنغح انًاذلاب. فً انثذاٌح أخشٌد حساتاخ ا

تاشض أٌ كثافح انرٍاس يسرقهح عٍ انحقةم انًغُاطٍسةً انًطثةق وًَةورج تةٍٍد. تأةذها أبخشٌةد حسةاتاخ  اناائقح

نقسةةًٍٍ انحقٍقةةً وانرخٍهةةً نهطواعٍةةح انًغُاطٍسةةٍح انًرُاوتةةح نهُواقةةم اناائقةةح تذونةةح ةخاَةةح انقةةشص و تذونةةح ا

تاةشض أٌ كثافةح انرٍةاس انحةشج ذةاتع نهحقةم انًغُاطٍسةً انًطثةق  انحساتاخ انًةزكوسج نَاةا  عٍذخ أب افح انرٍاس. كث

وخذ أٌ انحقم انًغُاطٍسةً انةذا م انةى وسةظ انأٍُةح ٌةضداد تشةكم وقذ وفقا  نهًُورج اَسً ووفقا  نًُورج كٍى. 

 يةةةةةةةةةٍ أخةةةةةةةةةم ًَةةةةةةةةةورج تةةةةةةةةةةٍٍ   طةةةةةةةةةً يةةةةةةةةةع ةخاَةةةةةةةةةح انقةةةةةةةةةشص  

يةٍ أخةم  يةٍ أخةم انًُةورج ا؛سةً  و  

ًَورج كٍى. فضلا  عٍ رنك، وخذ أٌ انحقم انًغُاطٍسً انةذا م إنةى وسةظ انأٍُةح ٌةضداد تشةكم  طةً يةع صٌةادج 

كثافح انرٍاس انحشج. أ ٍشا  وخةذ أٌ انُرةائح انرةً ذةى انحعةول عهٍسةا تاسةرخذاو هةزا انًُةورج ذروافةق يةع تأة  

 نًُشوسج.انُرائح ا

 

 
نمذجة  لطواليةة  لطماطيسةةةة ش ء ةيي  عةة  يلةق صةنا عة   نيعةا  انكهًاخ انًاراحٍةح 

فةةي، ش ل ةةا طاطيسةةةةد طسيطةةل طةةةول لططيعةةا لطاةةي، ش   يفةة  لط ةةةي  

لطحةة  ش بييسةةة  لطواليةةة  يلةةق عطلةةة  لطسةطةة ش لطح ةةا لطماطيسةةةةد 

 لطمسي س طلماطو .

 

 
 مدرس، قسم الفيزياء، كمية العموم، جامعة دمشق، سورية.  (1)



Damascus University Journal for BASIC SCIENCES Vol. 32, No1, 2016 

 

13 
 

 

Introduction 
The ac susceptibility of superconducting material as a function of 

applied magnetic field parallel to its longest axis is extensively 

investigated. This was straight forward due to the fact that the 

demagnetizing field is negligible in this case where the 

demagnetisation factor is N=0. This has permitted analytical solutions 

to be obtained for slab and cylindrical geometries, for example. For 

the case of thin films the measurement with applied field parallel to 

the surface of the sample is not practical because of the following two 

reasons. Firstly, the measured voltage signals obtained for the parallel 

field measurements are very weak because of the small amount of 

material exposed to the magnetic fields. Secondly, the parallel 

alignment is very difficult to achieve because even small deviations 

from parallel increase the measured voltage signal and a 

demagnetisation correction should be taken into account.  

The more practical case is with the field applied perpendicular to the 

specimen’s plane, which gives a much stronger voltage signal and 

hence magnetisation. However, the analysis for this case is more 

complex due to the strong contribution of the demagnetizing field, the 

demagnetizing factor here takes a largest value N=1. As a result, the 

solution of the critical state equation, curl H=Jc can only be obtained 

numerically [1]. This work focus on the case where the magnetic field 

is applied perpendicular to the thin film surface of disk geometry. 

Critical State Models 
The superconducting materials with strong pinning in high magnetic 

field were first introduced by Bean [2], [3]. This model assumes the 

demagnetizing field effects are neglected; this applies to the long 

geometry of the specimen in a parallel applied magnetic field. The 

main assumption of this model is that the current density inside the 

superconductor is either zero or has the critical magnitude  which is 

magnetic field independent. The zero current density  

corresponds to the Meissner state where the magnetic flux has not 

penetrated into the sample and the magnetic induction inside the 

sample B=0. The sample is in the critical state when the current 
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density reaches the critical current density. Kim et al [4] modified the 

Bean model by taking into account the field dependent critical current 

density as follows, ]. Fietz et al [5] 

have introduced the exponential model which also takes into account 

the field dependence of the critical current density 

. Where  is the critical current density 

at zero magnetic field and at temperature T;  is the local flux 

density; and  is a model-dependent parameter. 

Magnetic Moment 
The magnetic moment of a type-II superconductor is often calculated 

using the Bean model. Features of this model which were addressed 

by Brandt [6] are as follows: When the applied field  is cycled 

between limits –H0 and +H0, the virgin curve m(Ha) corresponding to 

the increase of  from zero determines the full hysteresis loop of 

. The branches of the hysteresis magnetic moment and 

in increasing and decreasing magnetic filed are given as [7],[8], [9], 

[10]: 

 

 
Where  is the ac magnetic field and is given by , 

which it can be written in terms of complex components as 

 for the real part and  for the 

imaginary part, .is the field magnitude and  is the phase. The 

magnetic moment of a circular disk of radius  and thickness  

 in transverse magnetic filed is given by [11]: 

 

With , where  is the critical magnetic field for the 

superconducting disk, and  is the critical current density of the disk.  
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Results and Discussions 
Using the above equation the ac susceptibility model was derived. 

From equation (2) and for the type II superconducting samples, the 

maximum real part of the magnetic moment corresponds to  

hence , therefore the real part of equation (2) 

can be written as: 

 
On the other hand, since there is a 90 degree phase shift between the 

in- and out-of-phase, the phase for the imaginary part magnetic 

moment is  hence , therefore using 

equation (2) the imaginary part of the magnetic moment can be 

written as: 

 
Substituting equation (3) into equations (4) and (5) gives the real and 

imaginary parts magnetic moment of the disk respectively as follows: 

 
and 

 

Where , and . Using the expression 

; one can calculate the real and the imaginary parts 

of the susceptibility respectively as follows  and . 

Where  is the disk volume. Hence the real and imaginary 

part of the susceptibility is given respectively by: 
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Where . Equations (8) and (9) give the theoretical model for 

the real and imaginary parts of the susceptibility of superconducting 

thin disk as a function of perpendicular applied magnetic field.  

In this work matlab codes were written in order to calculate the real 

part and imaginary part susceptibility using this model (Equations (8) 

and (9)). The first code was used to calculate the real and imaginary 

parts of the susceptibility as a function of the applied magnetic field at 

different films thickness. The parameters used to run the first code 

were: The radius of the disk was  m. The critical current 

of the disk was assumed independent of  the applied magnetic field 

(Bean Model) and set to the value of , and the thickness of 

the films were changed from 100 nm to 2000 nm. Figure (1) shows the 

real and imaginary part of the susceptibility as a function of applied 

magnetic field and at different film thickness. The values of d from 

left to the right are 100nm- 200nm- 300nm- 400nm- 500nm- 600nm- 

700nm- 800nm- 900nm- 1000nm. As well known the real part of the 

susceptibility is a measure of the screening ability and the imaginary 

part (the peaks) is a measure of the dissipation due to the flux motion. 

From figure (1), the peak in the imaginary part of the susceptibility is 

shifted to higher magnetic field as the thickness of the disk is 

increased. At the peak of the imaginary part of the susceptibility the 

magnetic field penetrates into the sample centre and hence the 

dissipation has maximum value. The magnetic filed corresponding to 

the peak of the imaginary part of the susceptibility is called the 

magnetic field of full penetration. For clarity figure (2) plots the 

imaginary part of the susceptibility which is taken from Figure (1). 

However, the real part of the susceptibility at lower value of d 

increases sharply as the applied magnetic field increases and at higher 

value of d increases gradually with increasing the magnetic fields. 

There is no experimental data or theoretical data match results 

obtained in this work for specific geometry of thin superconducting 
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disk in perpendicular magnetic field or match the conditions used in 

this work. However, results of this work in general match the 

behaviour of the magnetic susceptibility of thin superconductors in 

perpendicular magnetic fields with different conditions and different 

calculation approaches. For examples, D. V. Shantsev el al [12] and 

Chen D.-X. et al [13], [14] have different approach to calculate the ac 

susceptibility and our results in general are in agreements with their 

works. On the other hand, results are also in general consistent and in 

agreement with the experimental data by Pérez I. et al [15]. 
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Figure (1): The real and the imaginary part of the susceptibility as a 

function of applied magnetic field and at different film 

thickness (Bean Model). The values of d from left to the 

right are 100nm- 200nm- 300nm-400nm-500nm-600nm-

700nm-800nm-900nm-1000nm,  
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Figure (2): The imaginary part of the susceptibility as a function of 

applied magnetic field and at different film thickness (Bean 

Model). The values of d from left to the right are 100nm- 

200nm - 300nm - 400nm - 500nm - 600nm - 700nm - 800nm- 

900nm-1000nm, . 

 

Figure (3) shows the magnetic field of full penetration as a function of 

the disk thickness. The critical current was firstly assumed to be 

magnetic field independent (The Bean model). Then the matlab code 

was amended to take into account the dependent of critical current 

density on the magnetic field according to the Exponential model 

 and Kim model ]. 

Where for Exponential model the constant P was taken to be 1 (P=1), 

and for Kim model (P=1). For both Exponential and Kim models the 

critical current density  and the critical current density at zero 

field of the thin disk were taken as follows:  and 
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. It is clear that the values of magnetic field of full 

penetration are linearly proportional to the disk thickness. Fitting these 

curves gives the following expressions:  for 

the Bean Model,  for the Exponential model, 

and  for the Kim Model. (Note: the results 

shown in figure (1) for disk thickness from 100 nm to 1000 nm. 

Because of the similarity of the results in figure (1), the rest of results 

of disk thickness from 1000 nm to 2000 nm and from 10 nm to 100 

nm are not presented. The advantages of the later results are to 

determine the magnetic field of full penetration at those values of film 

thickness see figure (3)). 
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Figure (3): The magnetic field of full penetration as a function of film 

thickness according to Bean Model, Exponential Model 

(p=1), and Kim Model (p=1),  and 

. 
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A second matlab code was written in order to calculate the real and 

the imaginary part of the susceptibility using equations (8) and (9) as a 

function of applied magnetic field and at different critical current 

densities  see figure (4). The values of  from left to the right are 

, the film thickness 

was 200nm, the code were run for different thickness (see figure (6)). 

The critical current densities were assumed independent of applied 

magnetic field (Bean Model). Taking into account Kim or exponential 

model in this case is un-useful because that both of magnetic field of 

full penetration and the critical current densities are magnetic field 

dependent, hence there is no peak shift in the imaginary part of the 

susceptibility due to changing values of critical current densities.  

From Figure (4), it can be noticed that the peak in the imaginary part 

of the susceptibility shift to higher magnetic field as the critical 

current density was increased. The code was run again to include the 

real and the imaginary part  of the susceptibility at higher values of 

critical current densities up to . However, the real part of the 

susceptibility at lower value of critical current density increases 

sharply as the applied magnetic field increases and at higher value of 

critical current density increases gradually with increasing the 

magnetic fields. Figures (5) shows a plot of magnetic field of full 

penetration as a function of the critical current densities at different 

film thickness. It is clear from this figure that the magnetic field of full 

penetration is linearly proportional to the critical current densities, 

fitting this curve gives the expression for d=100 nm 

,  for 

d=200 nm,  for d=500 nm, and  

 for d=1000 nm. From figure (3) and 

figure (5) one can conclude that the magnetic field of full penetration 

is directly proportional to the disk thickness and to the critical current 

densities. 
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Figure (4): The real and the imaginary part of the susceptibility as a 

function of applied magnetic field and at different critical 

current densities. The values of  from left to the right are 

, 

the film thickness is 200nm 
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Figure (5): The magnetic field of full penetration as a function of critical 

current density according to Bean Model, the film thickness 

are 100nm, 200nm, 500 nm, 1000 nm. 
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Conclusion 
A theoretical model for the real and imaginary parts of the 

susceptibility of thin disk in perpendicular applied magnetic field 

gives us very interesting information regarding the dependency of the 

magnetic field of full penetration  on the film thickness and on the 

critical current density  of the specimen.  was found to linearly 

increase with increasing both of film thickness  and the critical 

current densities . Therefore one can write an expression for  in 

the form of:  where  and  are constant. 
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