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ABSTRACT

A theoretical model for the real and imaginary parts of the susceptibility of
superconducting thin disk as a function of a perpendicular applied magnetic
field were derived. In order to do the calculation according to this model,
matlab codes were written. The calculation was done with the assumption that
the critical current density is independent of the applied magnetic field (The
Bean critical state Model). The real and imaginary parts of susceptibility was
then calculated at different films thickness and at different critical current
densities. The calculation was repeated with the assumption that the critical
current densities are magnetic field dependent by using the concepts of Kim
and Exponential models. It was found that the magnetic field of full penetration

increases linearly as the disk thickness increases, Hy = 0.9267d + 1.0984 for
the Bean Model, Hp = 17.772d + 132.18 for the Exponential model, and

Hyp = 19.363d — 159.88 for the Kim model. Moreover, the magnetic field of
full penetration increases linearly as the critical current densities increases. The
results of using the ac susceptibility model showed agreement with some of
published works.

Keywords: Modelling magnetic susceptibility, superconducting thin
disk, perpendicular magnetic field to superconducting
specimen, critical current densities, susceptibility geometry
dependent, demagnetizing field.
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Introduction

The ac susceptibility of superconducting material as a function of
applied magnetic field parallel to its longest axis is extensively
investigated. This was straight forward due to the fact that the
demagnetizing field is negligible in this case where the
demagnetisation factor is N=0. This has permitted analytical solutions
to be obtained for slab and cylindrical geometries, for example. For
the case of thin films the measurement with applied field parallel to
the surface of the sample is not practical because of the following two
reasons. Firstly, the measured voltage signals obtained for the parallel
field measurements are very weak because of the small amount of
material exposed to the magnetic fields. Secondly, the parallel
alignment is very difficult to achieve because even small deviations
from parallel increase the measured voltage signal and a
demagnetisation correction should be taken into account.

The more practical case is with the field applied perpendicular to the
specimen’s plane, which gives a much stronger voltage signal and
hence magnetisation. However, the analysis for this case is more
complex due to the strong contribution of the demagnetizing field, the
demagnetizing factor here takes a largest value N=1. As a result, the
solution of the critical state equation, curl H=J. can only be obtained
numerically [1]. This work focus on the case where the magnetic field
is applied perpendicular to the thin film surface of disk geometry.

Critical State Models

The superconducting materials with strong pinning in high magnetic
field were first introduced by Bean [2], [3]. This model assumes the
demagnetizing field effects are neglected; this applies to the long
geometry of the specimen in a parallel applied magnetic field. The
main assumption of this model is that the current density inside the
superconductor is either zero or has the critical magnitude Ic which is
magnetic field independent. The zero current density Jc =10
corresponds to the Meissner state where the magnetic flux has not
penetrated into the sample and the magnetic induction inside the
sample B=0. The sample is in the critical state when the current
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density reaches the critical current density. Kim et al [4] modified the
Bean model by taking into account the field dependent critical current
density as follows, J-¢ (T.B) =J .0 (T}/[1 + (B/P) ]. Fietz et al [5]
have introduced the exponential model which also takes into account
the field dependence of the critical current density

B
T,B) = -5
Je(T. B) Jr'G':]rr']m:p( P). Where Jo(T) is the critical current density

at zero magnetic field and at temperature T; B is the local flux
density; and ' is a model-dependent parameter.
Magnetic Moment

The magnetic moment of a type-Il superconductor is often calculated
using the Bean model. Features of this model which were addressed
by Brandt [6] are as follows: When the applied field Ha is cycled
between limits —Hy and +Ho, the virgin curve m(H,) corresponding to
the increase of Ha from zero determines the full hysteresis loop of

m(H;) The branches of the hysteresis magnetic moment m: and
m, jn increasing and decreasing magnetic filed are given as [7],[8], [9],
[10]:

M) (1)

m; = —-m(Hp) + Zm( 5

m, = m(Hg) — 2m (@) (2)

Where Ha is the ac magnetic field and is given by Ha = Hpexp(i®)
which it can be written in terms of complex components as
Ha(t) = Hyeos(®) for the real part and Ha(t) = Hgsin(®) for the
imaginary part, Ho.is the field magnitude and @ is the phase. The
magnetic moment of a circular disk of radius @ and thickness d
(d <« a} in transverse magnetic filed is given by [11]:

mdisk{h] = —fcdaa ; (CDS_l — i[:h:'] + :::11?2';1:]] (3]

h=o2 _Jed

With He, where "¢~ 2 is the critical magnetic field for the
superconducting disk, and I¢ is the critical current density of the disk.
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Results and Discussions
Using the above equation the ac susceptibility model was derived.
From equation (2) and for the type Il superconducting samples, the
maximum real part of the magnetic moment corresponds to (@ = 0)
hence Ha = Hocos(@) = Hp | therefore the real part of equation (2)
can be written as:
m', = m(Hp) (4)
On the other hand, since there is a 90 degree phase shift between the
in- and out-of-phase, the phase for the imaginary part magnetic
moment is ©=90 hence Ha =Hosin(®) =0 therefore using
equation (2) the imaginary part of the magnetic moment can be
written as:

", = m(Ho) - 2m (L) (5)

Substituting equation (3) into equations (4) and (5) gives the real and
imaginary parts magnetic moment of the disk respectively as follows:

2 1 sinh|h)|
m',(h) = —].da® = |cos™1 6
O S [ cos h(h) cosh?-(hj] (€)
and
2 1 sinh|h] 1 sinh ‘%‘
" — 3 -1 -1
m”y(h) =Jeda’3 —(cos cos h() + coshz(hj) +2| cos cpsh(%)+cosh2 (%] (7
h= ﬁ H. = Jcd '
Where He,  and €72 . Using the expression
Imn
— r+ o FF —
X=X v H-V

oV ; one can calculate the real and the imaginary parts
r r

m L, m

of the susceptibility respectively as follows X =VHg and * " VHp.

Where V =ma’d js the disk volume. Hence the real and imaginary

part of the susceptibility is given respectively by:
' Xo [( 4 1 sinh|hl ]]

X =720 [\**®  cos h(h) * cosh?(h)

(8)
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H=;(_0
2h

. h

( 41 N sinh|h| ) 2( 1 1 sinh ‘f‘ )} ©)

—(cos +2| cos +
cos h(h) cosh?(h) cosh (%} cosh? {;)

8a

Where X ™ 3wd. Equations (8) and (9) give the theoretical model for
the real and imaginary parts of the susceptibility of superconducting
thin disk as a function of perpendicular applied magnetic field.

In this work matlab codes were written in order to calculate the real
part and imaginary part susceptibility using this model (Equations (8)
and (9)). The first code was used to calculate the real and imaginary
parts of the susceptibility as a function of the applied magnetic field at
different films thickness. The parameters used to run the first code

were: The radius of the disk was @ = 0.5 x 10=* m_ The critical current
of the disk was assumed independent of the applied magnetic field
A
(Bean Model) and set to the value of Je = mgﬁ, and the thickness of
the films were changed from 100 nm to 2000 nm. Figure (1) shows the
real and imaginary part of the susceptibility as a function of applied
magnetic field and at different film thickness. The values of d from
left to the right are 200nm- 200nm- 300nm- 400nm- 500nm- 600nm-
700nm- 800nm- 900nm- 1000nm. As well known the real part of the
susceptibility is a measure of the screening ability and the imaginary
part (the peaks) is a measure of the dissipation due to the flux motion.
From figure (1), the peak in the imaginary part of the susceptibility is
shifted to higher magnetic field as the thickness of the disk is
increased. At the peak of the imaginary part of the susceptibility the
magnetic field penetrates into the sample centre and hence the
dissipation has maximum value. The magnetic filed corresponding to
the peak of the imaginary part of the susceptibility is called the
magnetic field of full penetration. For clarity figure (2) plots the
imaginary part of the susceptibility which is taken from Figure (1).
However, the real part of the susceptibility at lower value of d
increases sharply as the applied magnetic field increases and at higher
value of d increases gradually with increasing the magnetic fields.
There is no experimental data or theoretical data match results
obtained in this work for specific geometry of thin superconducting
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disk in perpendicular magnetic field or match the conditions used in
this work. However, results of this work in general match the
behaviour of the magnetic susceptibility of thin superconductors in
perpendicular magnetic fields with different conditions and different
calculation approaches. For examples, D. V. Shantsev el al [12] and
Chen D.-X. et al [13], [14] have different approach to calculate the ac
susceptibility and our results in general are in agreements with their
works. On the other hand, results are also in general consistent and in
agreement with the experimental data by Pérez I. et al [15].
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Figure (1): The real and the imaginary part of the susceptibility as a
function of applied magnetic field and at different film
thickness (Bean Model). The values of d from left to the
right are 100nm- 200nm- 300nm-400nm-500nm-600nm-

_ . _10°A
700nm-800nm-900nm-1000nm, Je=1X m2
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Figure (2): The imaginary part of the susceptibility as a function of
applied magnetic field and at different film thickness (Bean
Model). The values of d from left to the right are 100nm-
200nm - 300nm - 400nm - 500nm - 600nm - 700nm - 800nm-
10°A

900nm-1000nm, e = X mz .

Figure (3) shows the magnetic field of full penetration as a function of
the disk thickness. The critical current was firstly assumed to be
magnetic field independent (The Bean model). Then the matlab code
was amended to take into account the dependent of critical current
density on the magnetic field according to the Exponential model

E
JE(T’B3=’“‘”“P(‘?) and Kim model Jc (T,B) = J.O(T)/[1+ (B /P) ],
Where for Exponential model the constant P was taken to be 1 (P=1),
and for Kim model (P=1). For both Exponential and Kim models the
critical current density J-(T.B) and the critical current density at zero

10°%A
JE(TJB} =1x 7
mZ

field Jo(T) of the thin disk were taken as follows: and
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10104
JolT) =2 =25~ it is clear that the values of magnetic field of full

penetration are linearly proportional to the disk thickness. Fitting these
curves gives the following expressions: Hp = 0.9267d +1.0984 fo
the Bean Model, Hp = 17.772d +132.18 {51 the Exponential model,

and Hp =19.363d —159.88 {or the Kim Model. (Note: the results
shown in figure (1) for disk thickness from 100 nm to 1000 nm.
Because of the similarity of the results in figure (1), the rest of results
of disk thickness from 1000 nm to 2000 nm and from 10 nm to 100
nm are not presented. The advantages of the later results are to
determine the magnetic field of full penetration at those values of film
thickness see figure (3)).
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Figure (3): The magnetic field of full penetration as a function of film

thickness according to Bean Model, Exponential Model

10°%A
(p=1), and Kim Model (p=1), "B =1*T7 ang
10104
Jo(M =2x=——
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A second matlab code was written in order to calculate the real and
the imaginary part of the susceptibility using equations (8) and (9) as a
function of applied magnetic field and at different critical current
densitiesJ: see figure (4). The values of J: from left to the right are
[(0.25-05-075-1-125-15-175-2-225- 231 x10°]4

m? , the film thickness
was 200nm, the code were run for different thickness (see figure (6)).
The critical current densities were assumed independent of applied
magnetic field (Bean Model). Taking into account Kim or exponential
model in this case is un-useful because that both of magnetic field of
full penetration and the critical current densities are magnetic field
dependent, hence there is no peak shift in the imaginary part of the
susceptibility due to changing values of critical current densities.
From Figure (4), it can be noticed that the peak in the imaginary part
of the susceptibility shift to higher magnetic field as the critical
current density was increased. The code was run again to include the
real and the imaginary part of the susceptibility at higher values of

A
5__
critical current densities up to 25x10° 3, However, the real part of the

susceptibility at lower value of critical current density increases
sharply as the applied magnetic field increases and at higher value of
critical current density increases gradually with increasing the
magnetic fields. Figures (5) shows a plot of magnetic field of full
penetration as a function of the critical current densities at different
film thickness. It is clear from this figure that the magnetic field of full
penetration is linearly proportional to the critical current densities,
fitting this curve gives the expression for d=100 nm
Hp, = 9.2689 x 10°]. — 0.38274  Hp = 1.8317 x107], +4.527  for

d=200 nm, Hp =%6294x107]. +0.50671 for (=500 nm, and

Hp = 9.2724 x107]; —5.9014 for 4=1000 nm. From figure (3) and
figure (5) one can conclude that the magnetic field of full penetration
is directly proportional to the disk thickness and to the critical current
densities.
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Figure (4): The real and the imaginary part of the susceptibility as a
function of applied magnetic field and at different critical

current densities. The values of /- from left to the right are
[(025— 05— 075— 1—125— 15— 1.75- 2 - 2.25- 2.5)x 10%]4
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Figure (5): The magnetic field of full penetration as a function of critical
current density according to Bean Model, the film thickness
are 100nm, 200nm, 500 nm, 1000 nm.
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Conclusion
A theoretical model for the real and imaginary parts of the
susceptibility of thin disk in perpendicular applied magnetic field
gives us very interesting information regarding the dependency of the

magnetic field of full penetration Hp on the film thickness and on the
critical current density Jc of the specimen. Hp was found to linearly

increase with increasing both of film thickness d and the critical
current densities Jc. Therefore one can write an expression for Hp in

the form of: Hp = alcd +b \yhere @ and b are constant.
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