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ABSTRACT 

The object of this paper is to study the endomorphism rings of locally 
projective and locally injective modules. Specifically, this paper is a continuation 
of study of endomorphism rings of locally projective and locally injective modules 
to be semipotent rings. The main obtained results  include:  

(a) Let RP  be a locally projective module over a ring R , then for any 
RodmM −∈   the following are equivalent: 

(1) ],[ PM  is a semipotent. 
(2) ],[],[],[Tot PMPMJPM ∇== . 
(3) For any ],[\],[ PMJPM∈α  there exists ],[ MP∈β with PmI ⊕⊆≠ )(0 αβ . 

In particular, the endomorphisms ring PE  of  P  is a semipotent ring if and 

only if, for any )(\ PP EJE∈α  there exists PE∈≠ β0  such that 

PmIo ⊕⊆≠ )(αβ . 
(b) Let RQ  be a locally injective module over a ring R , then for any module 

RodmN −∈  the following are equivalent: 
(1) ],[ NQ  is a semipotent. 
(2) ],[],[],[Tot NQNQJNQ ∆== . 

(3) For any ],[\],[ NQJNQ∈α  there exists ],[ QN∈β with QKer ⊕⊆≠ )(0 βα . 
In particular, QE is a semipotent ring if and only if, for any 

)(\ QQ EJE∈α  there exists QE∈≠ β0  such that QKer ⊕⊆≠ )(0 βα . 

Key Words: Semipotent Rings, Locally projective and locally 
injective modules, The total, Jacobson radical, (co) 
singular ideal, Endomorphisms rings, ),( NMomh R . 
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  المودولات الإسقاطية المحلية والأفقية المحلية
  حمـزة حاكمـي

   سورية– جامعة دمشق- كلية العلوم– الرياضياتقسم 
  

 15/08/2010تاريخ الإيداع 

  05/07/2011 قبل للنشر في
 

  صالملخ
. الهدف من هذا البحث هو دراسة حلقات التشاكل للمودولات الإسقاطية المحليـة والأفقيـة المحليـة              

خاص، تعد هذه الورقة متابعة لدراسة حلقات التشاكل للمودولات الإسقاطية والأفقية المحلية لكـي              بشكل  
  : النتائج الرئيسية التي تم التوصل إليها من خلال هذه الدراسة هي. تكون هذه الحلقات شبه جامدة

RodmM عندئذٍ لأجل أي مـودول    R مودولاً إسقاطياً محلياً فوق الحلقة       RPليكن  ) أ( −∈ 

  :الشروط الآتية متكافئة

]المودول الثنائي .1 ]M,Pشبه جامد . 

2. Tot [ ] [ ] [ ]M,P J M,P M,P= = ∇ . 

]أياً كان .3 , ] \ [ , ]M P J M Pα ] يوجد∋ , ]P Mβ 0 يحقق∋ ( )Im Pαβ ⊕≠ ⊆. 

حلقة RPلمودول إسقاطي محلي    PEبشكل خاص، الشرط اللازم والكافي كي تكون حلقة التشاكلات        

\أياً كان: شبه جامدة هو تحقق الشرط ( )P PE J Eα∈ 0يوجد PEβ≠ 0يحقق ∋ ( )Im Pαβ ⊕≠ ⊆.  

N عندئذٍ لأجـل أي مـودول      R مودولاً أفقياً محلياً فوق الحلقة       RQليكن  ) ب( mod R∈ − 

  :الشروط الآتية متكافئة

]المودول الثنائي .1 , ]Q Nشبه جامد . 

2. Tot [ ] [ ] [ ]Q,N J Q,N Q,N= = ∆ . 

]أياً كان .3 , ] \ [ , ]Q N J Q Nα∈يوجد [ , ]N Qβ 0 يحقق∋ ( )Ker Qβα ⊕≠ ⊆. 

حلقة شبه RQلمودول أفقي محليQEبشكل خاص، الشرط اللازم والكافي كي تكون حلقة التشاكلات     

\أياً كان: جامدة هو تحقق الشرط ( )Q QE J Eα∈ 0 يوجد QEβ≠ 0 يحقق ∋ ( )Ker Qβα ⊕≠ ⊆.  

 الحلقات شبه الجامدة، المودولات الإسقاطية المحلية، المـودولات         :الكلمات المفتاحية 
الأفقية المحلية، التوتال، أساس جاكبسون، المثالي المنفرد، حلقـة         

),(التشاكلات لمودول،  NMomh R.  
4016,5016: رقم التصنيف العالمي DE.  
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1. Introduction. 
In this paper rings R  are associative with identity unless otherwise 

indicated. All modules over a ring R  are unitary right modules. A 
submodule N of a module M  is said to be small in M  if MKN ≠+  
for any proper submodule K  of M , [3]. A submodule N  of a module 
M  is said to be large (essential) in M  if 0≠∩ KN  for any nonzero 
submodule K  of M , [3]. If M  is an −R module, the radical of M  
denoted by )(MJ  is defined to be the intersection of all maximal 
submodules of M . Also, )(MJ coincides with the sum of all small 
submodules of M . It my happen that M  has no maximal submodules 
in which case MMJ =)( , [8]. Thus, for a ring R , )(RJ  is the 
Jacobson radical of R . Also, we write )(RU  the group of units of a 
ring R . For a submodule N of a module M , we use MN ⊕⊆  to 
mean that N  is a direct summand of M , and we write MN e≤  and 

MN <<  to indicate that N is a large, respectively small, submodule 
of M . If RM  is a module, we use the notation )(MEndE RM =  and 
we write })(;:{ MKerEE eMM ≤∈=∆ ααα , ∈=∇ αα :{ME  

})(; MmIEM <<α and )}()(;:{)( MJmIEEI MM ⊆∈= ααα . It is 
will known that ME∆ , ME∇  and )( MEI  are ideals in ME  [3]. If 

RM and RN  are modules, we use =],[ NM  ),( NMomh R . Thus, ],[ NM  
is an −),( NM EE bimodule. Our main concern is about the substructures 
of ),( NMomh R  and the semipotent of ),( NMomh R (see [9]). 

 
In this paper we study the following two questions ( see [3, p. 

1504]). (1) If P  is locally projective module, when is it true that 
],[],[],[Tot PMJPMPM =∇=  for all RodmM −∈ ?. (2) If Q  is 

locally injective module, when is it true that 
=∆= ],[],[Tot NQNQ ],[ NQJ  for all RodmN −∈ ?. 

In section (2), it is proved that if, P  is a locally projective module 
then ],[ PM  is an −I semipotent for all RodmM −∈ . The main 
result in this section, if P  is locally projective then for all 

RodmM −∈ , =],[Tot PM ],[],[ PMJPM =∇  if and only if, 



Hakmi -  Locally Projective and Locally Injective Modules 

 14

],[ PM  is semipotent which also, equivalent, for any 
],[\],[ PMJPM∈α  there exists ],[ MP∈β  with PmI ⊕⊆≠ )(0 αβ . 

In section (3), it is proved that if, Q  is a locally injective module 
then ],[ NQ  is an −I semipotent for all RodmN −∈ . The main result 
in this section, if Q  is locally injective then for all RodmN −∈ , 

],[],[],[Tot NQJNQNQ =∆=  if and only if, ],[ NQ  is semipotent 
which also, equivalent, for any ],[\],[ NQJNQ∈α  there exists 

],[ QN∈β  with )(0 βαKer≠  Q⊕⊆ . 

Following [9], let RM , RN  be modules. We put 
),(],[ NMomhNM R= . Thus, ],[ NM  is an ),( NM EE -bimodule. The 

four substructures of ),( NMomh R  given as follows (see [9]). 
• The Jacobson radical 

}][)(;][:{][ N,Mfor allEJM,NM,NJ M ∈∈∈= βαβαα  
}][)(;][:{][ N,Mfor allEJM,NM,NJ N ∈∈∈= ββααα  

}][)(1;][:{][ N,Mfor allEUM,NM,NJ NN ∈∈−∈= ββααα  
}][)(1;][:{][ N,Mfor allEUM,NM,NJ MM ∈∈−∈= βαβαα  

Thus, )(],[ MEJMMJ = . In particular, )(],[ RJRRJ = . 
• The singular ideal  

})(;][:{][ MKerM,NM,N e≤∈=∆ ααα . 
• The co-singular ideal 

})(;][:{][ NmIM,NM,N <<∈=∇ ααα . 
• The total 

],[];,[:{],[Tot nonzeronocontainsMNNMNM ααα ∈=
 

idempotents} 
{ nonzeronocontainsMNNMNM ααα ],[];,[:],[Tot ∈=  

idempotents} 
 Thus,  

nonzerono containsEEEMM MMM ααα ;:{)(Tot],[Tot ∈==
 

idempotents} 
 
      };:{ sidempotentnonzeronocontainsEE MM ααα ∈= }. 
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• Also, we put 
})()(;][:{][ NJmIM,NM,NI ⊆∈= ααα  

It is clear that 
}][)(;][:{][ N,Mfor allEIM,NM,NI M ∈∈∈⊆ βαβαα  
}][)(;][:{][ N,Mfor allEIM,NM,NI N ∈∈∈⊆ ββααα . 

Since any small submodule of N  contained in )(NJ  then  
][][ M,NIM,N ⊆∇ . If NNJ <<)(  then ][][ M,NIM,N =∇ . Thus 

;:{][)( MM EM,MIEII ∈=== αα  })()( MJmI ⊆α . In particular 
for a ring R , )(][],[)( RJR,RJRRIRI === . 

 
2. Locally Projective Modules. 
 
Recall a projective module RP  is an −0I module [1] if,  any 

submodule A  of P , )(PJA ⊄  contains a nonzero direct summand of 
P . A ring R  is called semipotent ring also, called −0I ring [1,5] if, 
every principal leftl (resp. right) ideal not contained in )(RJ  contains 
a nonzero idempotent. A module RP  is called locally projective [4] if, 
for every submodule PB ⊆ , which is not small in P  there exists a 
projective direct summand PW ⊕⊆≠0  with BW ⊆ . Thus, every 
projective −0I  module P with PPJ <<)(  is locally projective or 
equivalently, any projective module P  with PE is semipotent, is locally 
projective. For any module RM , we have };:{)( MaRMaaMJ <<∈= . 

 
Lemma 2.1.  For any locally projective module P  the following 

hold: 
(1) PPJ <<)( . 
(2)  A submodule K  of P  is small in P  if and only if )(PJK ⊆ . 
(3) PP EEJ ∇⊆)( . 
Proof. (1). Suppose that )(PJ  is not small in P  then )(PJ  

contains a nonzero projective direct summand submodule D  of P . 
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Thus DDJ =)(  which contradicts that 0≠D  projective, therefore 
PPJ <<)( . 

(2) )(⇒ . It is clear that if PK <<  then )(PJK ⊆ . )(⇐ . Let 
)(PJK ⊆ . Suppose that K  is not small in P  then there exists a 

projective submodule N  of P , which PN ⊕⊆≠0  and KN ⊆ . 
Since PN ⊕⊆  and )(PJN ⊆  follow )()( PJNNJ ∩=  N=  which 
contradicts that 0≠N  projective, thus PK << . 

(3). Let )( PEJ∈α . Suppose )()( PJmI ⊄α  by (2), )(αmI  not 
small in P , so there exists a projective direct summand submodule 

PW ⊕⊆≠0  with )(αmIW ⊆ . Let WPe →:  the projection of P  
onto W  then PEee ∈=≠ 20  and == )(emIW  )( αemI .  Since W  is 
projective then PeKer ⊕⊆)( α . Thus, )( αemI  and )( αeKer  are 
direct summands of P , by [8, lemma 3.1], )()( αϕαα eee =  for some 

PE∈≠ ϕ0 , therefore PEe ∈≠ )(0 αϕ  is an idempotent and 
)()( PEJe ∈αϕ  which contradicts that )( PEJ  doesn't contains a 

nonzero idempotent, thus )()( PJmI ⊆α  by (2) follows that 

PP EEJ ∇⊆)( . 
 
Corollary 2.2.  A module P  with PPJ <<)(  is locally projective 

if and only if every submodule K  of P , )(PJK ⊄  contains a 
nonzero projective direct summand of P . 

Proof  follows immediately from lemma 2.1. 
 
Following [10], a module M  is called a regular module if given 

any Mm∈  there exists [M,R]f ∈  with )(mmfm = , or equivalently, 
for any Mm∈ , mR  is a projective direct summand of M (see [10, 
Theorem 2.2]). Therefore any regular module M  is locally projective 
with 0)( =MJ . It is known that if M  is a regular module then ME  is 
a semipotent ring with 0)( =MEJ , (see [1, Corollary 3.6]).  
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Proposition 2.3. Endomorphism ring of every locally projective 
module P  with 0)( =PJ  is a semipotent ring and 0)( =PEJ . 

Proof. Let P  be a locally projective module with 0)( =PJ  by 
lemma 2.1(3), follows that 0)( =PEJ . Let PE∈≠ α0  then )(αmI  is 
not small submodule in P , since P  is locally projective there exists a 
projective direct summand 0≠W  of P  which )(αmIW ⊆ . Let 

WP →:γ  be the projection of P  onto W then PE∈=≠ 20 γγ  and 
WmImI == )()( γαγ . Since W  is projective then PKer ⊕⊆)(γα  by 

[8, lemma 3.1] there exists PE∈µ  such that αγαγµαγ =)()( . We 
put γµαγµβ =  then PE∈≠ β0  and βαββ = , thus PE  is 
semipotent. 

 
Theorem 2.4.  Let RP  be a locally projective module. The 

following are equivalent: 
(1) PE  is a semipotent ring. 
(2) PP EEJ ∇=)( . 
(3) For every )(\ PP EJE∈α , )(αmI  contains a projective direct 

summand submodule  PB ⊆≠0 . 
Proof. )2()1( ⇒ . We have by lemma 2.1(3), PP EEJ ∇⊆)( . 

Suppose that ⊄∇ PE  )( PEJ . Then there exists PE∇∈α , 
)( PEJ∉α , thus PE∈≠ α0  and PmI <<)(α . Since PE  is 

semipotent then βαββ =  for some PE∈≠ β0  therefore 
PmI ⊕⊆)( αβ   and PmI <<)( αβ .  Since KKmIP =⊕= )(βα  for 

some submodule 0≠K  of P , follows 0)()( =∩⊆ KmImI αββα  
therefore 0=αβ  and 0=β , a contradiction, thus PP EEJ ∇=)( . 

)3()2( ⇒ . Let )(\ PP EJE∈α , then PE∇∉α  thus )(αmI  is not 
small in P  therefore )(αmI  contains a projective direct summand 
submodule 0≠B  of P . Suppose (3) holds. Let PEg ∈ , 

)( PEJg ∉ then )(gmI  contains a projective direct summand 
submodule 0≠D  of P . Let DP →:γ  the projection of P  onto D . 
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Since )()( gmIDmI ⊆=γ  follows that )()( gmImID γγ == , hence 
0≠γ is an idempotent of PE , since DmI =)(γ  is projective then 

PgKer ⊕⊆)(γ  by [1, Theorem 2.2] follows that PE  is a semipotent 
ring. This proves )1()3( ⇒ . 

 
Corollary 2.5.  A projective module RP  is locally projective if and 

only if PE  is a semipotent ring. In particular, RR  (resp. RR ) is a 
locally projective module if and only if, R  is a semipotent ring. 

Proof. Let P  be a projective module. )(⇒ . If P  is a locally 
projective then by lemma 2.1, PPJ <<)(  and by [1, Theorem 3.5] 

PE  is a semipotent ring. )(⇐ . Suppose that PE  is semipotent again 
by [1, Theorem 3.5] P  is locally projective. 

 
Lemma 2.6. Let RP  be a locally projective module, then for any 

module ∈M  Rodm − , the following hold: 
(1) ],[],[],[Tot PMIPMPM =∇= . 
(2) ],[],[ PMIPMJ ⊆ . 
(3) ],[],[ PMIPM ⊆∆ . 
(4) ],[],[ PMPM ∇⊆∆ . 
In particular, )(Tot)( PPPP EEEIE =∇=⊆∆ . 
Proof. (1). Kasch in [5], proved that ],[],[Tot PMPM ∇=  for any 

module ∈M  Rodm − .  Since by lemma 2.1, PPJ <<)(  follows 
],[],[ PMPMI ∇= . 

(2). Let ],[ PMJ∈α . Suppose ],[ PMI∉α then by (2) there exists 
],[ MP∈β  such that PE∈=≠ 2)(0 βαβα . Since ],[ PMJ∈α then 

)(0 PEJ∈≠ βα  a contradiction.  
(3). Let ],[ PM∆∈α  then MKer e≤)(α . Suppose ],[ PMI∉α  

then by (2) there exists ],[ MP∈γ  such that ME∈=≠ 2)(0 αγαγ . 
Since )()( αγα KerKer ⊆  therefore MKer e≤)( αγ  and 
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0)()( =∩ αγαγ mIKer  thus 0)( =αγmI , 0=αγ  this is a 
contradiction, so ],[],[ PMIPM ⊆∆ . (4). It is clear by (1) and (3). 

 
Lemma 2.7. [9, Lemma 2.1]. Let RM , RN  be modules. The 

following conditions are equivalent: 
(1) If ],[\],[ NMJNM∈α there exists ],[ MN∈β such that 

2)(0 αβαβ =≠ ME∈ . 
(2) If ],[\],[ NMJNM∈α  there exists ],[ MN∈β such 

that 2)(0 βαβα =≠  NE∈ . 
(3) If ],[\],[ NMJNM∈α  there exists ],[ MN∈γ  such that 

],[ MNJ∉= γγαγ . 
 
Following [9], Recall that ],[ NM is semipotent if, the conditions in 

lemma 2.7  are satisfied. Thus ],[ MM  is semipotent  if and only if 

ME  is a semipotent ring. 
 
Theorem 2.8. Let RP  be a locally projective module. For any 

module RodmM −∈  the following are equivalent: 
(1) ],[ PM  is a semipotent. 
(2) ],[],[],[Tot PMPMJPM ∇== . 
(3) For any ],[\],[ PMJPM∈α  there exists ],[ MP∈β  with 

PmI ⊕⊆≠ )(0 αβ . 
In particular, PE  is a semipotent ring if and only if, for 

any )(\ PP EJE∈α  there exists  PE∈≠ β0  such that 
PmI ⊕⊆)(βα . 

Proof. )2()1( ⇒ . Suppose that ],[ PM  is semipotent then [9, 
Theorem 2.2] ],[],[Tot PMJPM =  and by lemma 2.6 

],[],[ PMPMJ ∇= . )1()2( ⇒ . Since ],[],[Tot PMJPM =  then by 
[9, Theorem 2.2], ],[ PM  is semipotent. 
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)3()1( ⇒ . Let ],[\],[ PMJPM∈α  then there exists ],[ MP∈β  
such that =≠αβ0 PE∈2)(αβ , so PmI ⊕⊆≠ )(0 αβ . 

)2()3( ⇒ . Since P  is locally projective then by lemma 2.6 
],[],[ PMPMJ ∇⊆ . Let ],[ PM∇∈α , suppose that ],[ PMJ∉α  

then there exists ],[ MP∈β such that PmI ⊕⊆≠ )(0 αβ . Since 
],[ PM∇∈α  and )()( ααβ mImI ⊆  then PmI <<)(αβ . Therefore 

0)( =αβmI  and 0=αβ , a contradiction. Thus, ],[ PMJ∈α . 
 
The semipotent rings generalized as following: 
 
Lemma 2.9. [7, Lemma 19]. The following conditions are 

equivalent for an ideal I  of a ring R : 
(1) If IT ⊄  is a right (resp. left) ideal there exists ITee \2 ∈= . 
(2) If Ia∉  there exists IaRee \2 ∈=  (resp. IRaee \2 ∈= ). 
(3) If Ia∉  there exists Rx∈  such that Ixaxx ∉= . 
 
Let R  be a ring and I  is an ideal of R , recall R  is an −I  

semipotent [7], if the conditions in lemma 2.9, are satisfied. 
 
Corollary 2.10. Let I  be an ideal of a ring R . If R  is 
−I semipotent then IRJ ⊆)( . 
Proof. Suppose IRJ ⊄)(  there exists )(RJa∈ , Ia∉ , so 

Ixaxx ∉=  for some Rx∈ . Since 0≠x then )()(0 2 RJaxax ∈=≠  
this is a contradiction.  

 
Lemma 2.11. Let RM , RN  be modules. The following conditions 

are equivalent: 
(1) If I[M,N][M,N] \∈α , there exists 

ME[N,M] ∈=≠∈ 2)(0 ; αβαββ , )( MEI∉αβ . 
(2) If I[M,N][M,N] \∈α , there exists 

NE[N,M] ∈=≠∈ 2)(0 ; βαβαβ , )( NEI∉αβ . 
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(3) If I[M,N][M,N] \∈α , there exists [N,M]∈γ ; 
I[N,M]∉= γγαγ . 

Proof. Suppose (1) holds. Then ME∈=≠ 2)(0 αβαβ  and 
)( MEI∉αβ for some [N,M]∈β . By letting [N,M]∈= αββγ  we 

have 0≠= γγαγ  and ],[ MNI∉γ  because )( MEI∉αβ , giving (3). 
Suppose(3) holds. Then ME∈=≠ 2)(0 αγγα  and )( MEI∉αγ  
because I[N,M]∉γ  gives (1). Similarly, the equivalence )3()2( ⇔  
holds. 

 
We call that ],[ NM  is −I semipotent if, the conditions in lemma 

2.11 are satisfied. If ],[],[ NMJNMI =  then ],[ NM  is semipotent if 
and only if ],[ NM  is −I  semipotent. 

 
Proposition 2.12.  Let RP  be a locally projective module, then the 

following hold: 
(1) PE  is an −I  semipotent ring, where PP EEII ⊆= )( . 
(2) ],[ PM  is an −I  semipotent for any module RodmM −∈ . 
Proof. (1). Let PE∈α , )( PEI∉α  then )()( PJmI ⊄α  and by 

lemma 2.1, )(αmI  is not small in P . So, there exists a projective 
direct summand PN ⊕⊆≠0  with )(αmIN ⊆  . Let β  be the 
projection of P  on to N , then )()( αβ mImI ⊆  and 

PNmImI ⊕⊆=⊆ )()( βαβ . Since N is projective then 
PKer ⊕⊆)( αβ , by [8, Lemma 3.1] there exists PE∈γ  such that 
αβαβγαβ =)()( . So, γβααβγ =≠ 2)(0  

α.PE∈ , and  )( PEI∉γβα , hence PPJ <<)( . Thus, PE  is an −I  
semipotent ring. 

(2). Let ],[\],[ PMIPM∈α  then by lemma 2.6 ],[Tot PM∉α  so 
there exists ],[ MP∈β  such that PE∈=≠ βαβα 2)(0  and  

)( PEI∉αβ , hence PPJ <<)(  thus by lemma 2.11,  ],[ PM  is 
−I semipotent. 
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3. Locally injective Modules. 
 
Recall a module RQ  is a locally injective [4] if, for every 

submodule QA ⊆  which is not large in Q there exists an injective 
submodule QB ⊆≠0 with 0=∩ BA . 

 
Lemma 3.1. Let RQ  be a locally injective module. Then for any 

module RodmN −∈  the following hold: 
(1)  ],[],[Tot NQNQ ∆= . 
(2)  ],[],[ NQNQJ ∆⊆ . 
(3)  ],[],[ NQNQ ∆⊆∇ . 
In particular, )(Tot )( QQQ EEEJ =∇⊆  and QQ EE  ∆⊆∇ . 
Proof. (1). By Kasch [4]. (2). Since ],[Tot ],[ NQNQJ ⊆ , so by 

(1) ⊆],[ NQJ  ],[ NQ∆ . (3). Let ],[ NQ∇∈α  and suppose that 
],[ NQ∆∉α  then )(αKer  is not large in Q , so there exists an 

injective module QA ⊆≠0  such that 0)( =∩ αKerA . Since A  is 
injective there exists AN →:β  such that AA

I=αβ  so βαββ = . 

Thus NE∈=≠ 2)(0 αβαβ , NmI ⊕⊆)(αβ  and )()( ααβ mImI ⊆  
N<< , so 0)( =αβmI  and 0=αβ , a contradiction. Thus 

],[ NQ∆∈α . 
 
Y. Zhou gave an example of a locally injective module which does 

not have a semipotent endomorphism ring [9, Example 4.2]. The 
following Theorem gave us a necessary and sufficient conditions for 
endomorphism ring of a locally injective module to be semipotent 
ring. 

 
Theorem 3.2. Let RQ  be a locally injective module. For any 

module RodmN −∈  the following are equivalent: 
(1) ],[ NQ  is a semipotent. 
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(2) ],[],[],[Tot NQNQJNQ ∆== . 
(3) For any ],[\],[ NQJNQ∈α  there exists ],[ QN∈β  with 

QKer ⊕⊆≠ )(0 βα . 
In particular, QE is a semipotent ring if and only if, for any 

)(\ QQ EJE∈α  there exists QE∈≠ β0  such that QKer ⊕⊆)(βα . 
Proof. )3()1( ⇒ . ],[\],[ NQJNQ∈α  then there exists ],[ QN∈β  

such that =≠ βα0  QE∈2)(βα , so QKer ⊕⊆≠ )(0 βα .  
)2()3( ⇒ . Since Q is a locally injective then by Lemma 3.1 

],[],[ NQNQJ ∆⊆ . Let ],[ NQ∆∈α  and suppose that ],[ NQJ∉α  
then there exists ],[ QN∈β such that QKer ⊕⊆≠ )(0 βα  and )(αKer  

)(βαKer⊆ . Since QKer e≤)(α  then QKer e≤)(βα  and 
0)()( =∩ βαβα mIKer  so 0)( =βαmI and 0=βα , a contradiction. 

Thus, ],[ NQJ∈α . 
)1()2( ⇒ . Since ],[Tot ],[],[ NQNQNQJ =∆=  then by [9, 

Theorem 2.2] ],[ NQ  is semipotent.  
 
Lemma 3.3. Let RM , RN  be modules. The following are 

equivalent: 
(1) If ],[\],[ NMNM ∆∈α there exists ],[ MN∈β such that 

ME∈=≠ 2)(0 βαβα . (2) If ],[\],[ NMNM ∆∈α there 
exists ],[ MN∈β such that NE∈=≠ 2)(0 αβαβ . (3) If 

],[\],[ NMNM ∆∈α  there exists ],[ MN∈γ  such that 
],[ MN∆∉= γγαγ . Proof. )3()1( ⇒ . Let ],[\],[ NMNM ∆∈α , 

then ME∈=≠ 2)(0 βαβα  for some ],[ MN∈β . Let βαβγ =  then 
],[ MN∈γ and ],[ MN∆∉= γγαγ because ME∆∉αβ . Suppose 

(3) holds، let ],[\],[ NMNM ∆∈α  then γαγγ =  for some 
],[\],[ MNMN ∆∈γ  so ME∈=≠ 2)(0 γαγα , gives (1).  Similarly, 

the equivalence )3()2( ⇔  holds. 
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We call that ],[ NM  is −∆ semipotent if the conditions in lemma 
3.3 are satisfied. In particular, ME  is a −∆ semipotent ring if and 
only if, ],[ MM  is a −∆  semipotent. 

 
Proposition 3.4.  Let RQ  be a locally injective module, then the 

following hold: 
(1) QE  is a −∆  semipotent ring, where QQ EE ⊆∆=∆ . 
(2) ],[ NQ  is an −∆  semipotent for any module RodmN −∈ . 
Proof. (1). Let QE∈α , QE∆∉α , then )(αKer  is not large in Q . 

So, there exists an injective submodule QK ⊆≠0 with 
0)( =∩ αKerK . Since K  is an injective module there exist 

KQ →:β  such that KK
I=βα . Hence, for any Qx∈ , Kx ∈)(β  

so, )()( xx ββαβ =  for all Qx∈  therefore, ββαβ = . Thus, 

QE∈=≠ αβαβ 2)(0 . This shows that QE  is a −∆  semipotent ring. 
(2). Let ],[\],[ NQNQ ∆∈α  then )(αKer  is not large in Q . Since 

Q  is a locally injective, there exists an injective submodule 
QA ⊆≠0  such that 0)( =∩ αKerA . Since A  is injective there 

exists NA →:β  such that AA
I=βα . Hence, for any Ny∈ , 

Ay ∈)(β  then )()( yy ββαβ =  for all Ny∈ , thus ββαβ = . 
Therefore, ],[ QN∈β  such that NE∈=≠ αβαβ 2)(0 . This shows 
that ],[ NQ is −∆ semipotent. 

 
Corollary 3.5.  The following hold: 
(a)  Let RP  be a locally projective module then: 
(1) PE  is an −I  (or, −∇ ) semipotent ring. 
(2) ],[],[],[Tot PMIPMPM =∇=  for any module 

RodmM −∈ . 
(3) ],[ PM   is −I  (or, −∇ ) semipotent for any module 

RodmM −∈ . 
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(b)  Let RQ  be a locally injective module then: 
(1) QE   is a −∆  semipotent ring. 
(2) ],[],[Tot NQNQ ∆=  for any module RodmN −∈ . 
(3) ],[ NQ  is −∆  semipotent for any module RodmN −∈ . 
Proof. (a). (1)  by  Proposition 2.12. (2) By lemma 2.6. (3) by 

proposition 2.12. 
(b). (1)  by proposition 3.4. (2)  by lemma 3.1. (3)  by proposition 

3.4. 
 
Theorem 3.6. Let RP  be a locally projective module and RQ  be a 

locally injective module, then the following hold: 
(1) ],[],[],[],[Tot PQIPQPQPQ =∇=∆= . 
(2) ],[],[Tot PQJPQ = . 
(3) ],[ PQ  is semipotent. 
In particular, if RM  is a locally projective and locally injective 

module then )()(Tot MM EJE =  and ME  is a semipotent ring. 
Proof. (1). Since P  is a locally projective module then by lemma 

2.6 we have =],[Tot PQ ],[],[ PQIPQ =∇ . On the other hand, since 
Q  is a locally injective module then by lemma 3.1, we 
have ],[],[Tot PQPQ ∆= .Thus, =∆= ],[],[Tot PQPQ  ],[],[ PQIPQ =∇ . 

(2). It is clear that ],[Tot],[ PQPQJ ⊆ . Let ],[Tot PQ∈α  then 
by (1) =∆∈ ],[ PQα  ],[ PQ∇  so, PmI <<)(α  and QKer e≤)(α . 
Thus, for any ],[ QP∈β ; QE∈βα , QmI <<)(βα , hence 

))(()( αββα mImI =  and QKer e≤)(βα , hence ⊆)(αKer  
)(βαKer . Since )1()( βαβα −+= QmImIQ  follows that 

)1( βα−= QmIQ  and 0)1( =− βαQKer , hence 
0)1()( =−∩ βαβα QKerKer , therefore )(1 QQ EU∈− βα . Thus, 

],[ PQJ∈α . (3). By (2) and [9, Theorem 2.2]. 
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