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ABSTRACT

The object of this paper is to study the endomorphism rings of locally
projective and locally injective modules. Specifically, this paper is a continuation
of study of endomorphism rings of locally projective and locally injective modules
to be semipotent rings. The main obtained results include:

(a) Let P; be a locally projective module over a ring R, then for any

M € mod — R the following are equivalent:

(1) [M,P] is a semipotent.

(2 Tot[M,P]=J[M,P]=V [M,P].

(3) For any a €[M,P]\J[M, P] there exists <[P,M]with 0= Im(af) =® P.

In particular, the endomorphisms ring E, of P is a semipotent ring if and
only if, for any aeE,\J(E;) there exists 0= S eE, such that
0% ImaB)c® P.

(b) Let Qg be a locally injective module over a ring R , then for any module
N € mod — R the following are equivalent:

(1) [Q,NT] is a semipotent.
(2) Tot[Q,N]=J[Q,N]=A[Q,N].
(3) For any o €[Q,N]\J[Q, N] there exists B<[N,QJwith 0 = Ker(fa) <® Q.

In particular, EQ is a semipotent ring if and only if, for any

a € Ey\J(Ey) thereexists 0 # f3 € E,, such that 0 = Ker(Ba) =® Q.

Key Words: Semipotent Rings, Locally projective and locally
injective modules, The total, Jacobson radical, (co)
singular ideal, Endomorphisms rings, hom,(M,N).

MSC 2010. 16E50, 16D40

11



Hakmi - Locally Projective and Locally Injective Modules

2010/08/15
2011/07/05

M e mod — R R P, )
[M,P] 1
.Tot[M,P]=J[M,P]=V[M,P] .2
0zIm (af)c® P pfe[lP.M]  ae[M,P]\J[M,P] 3
P, E,
0zIm@AP 02BeE,  acE \J(E,)
N emod —-R R Qx ()

[Q,N ] 1
. Tot[Q,N]=J[Q,N]=A[Q,N] .2
0=Ker (fa)c=®Q Le[N,Q] a<€[Q,N]\J[Q,N] 3
QR EQ
0=Ker (Bo)°Q 0£BeE,  acEy \J(Ey)

.hom,(M,N)
.16E50,16D40 :

12



Damascus University Journal for BASIC SCIENCES Vol. 28, No 1, 2012

1. Introduction.

In this paper rings R are associative with identity unless otherwise
indicated. All modules over a ring R are unitary right modules. A
submodule N of a module M is said to be small in M if N+ K = M
for any proper submodule K of M, [3]. A submodule N of a module
M is said to be large (essential) in M if N n K = 0 for any nonzero
submodule K of M, [3]. If M is an R—module, the radical of M
denoted by J(M) is defined to be the intersection of all maximal

submodules of M . Also, J(M)coincides with the sum of all small
submodules of M . It my happen that M has no maximal submodules
in which caseJ(M)=M, [8]. Thus, for a ring R, J(R) is the
Jacobson radical of R. Also, we write U(R) the group of units of a
ring R. For a submodule N of a module M, we use N c® M to
mean that N is a direct summand of M , and we write N <, M and

N << M to indicate that N is a large, respectively small, submodule
of M. If My is a module, we use the notation E,, = End,(M) and

we  write AE, ={a:acE,;Ker(a)<, M} ,VE,, ={a:a e
Eu;Im(@)<<M}tand I(E,)={a:acE,;Im@)cI(M)}. It is
will known that A E,,,V E,, and I(E,, ) are ideals in E,, [3]. If
M.and N are modules, we use [M,N]= hom,(M,N). Thus, [M,N]
is an(E,,,Ey)—bimodule. Our main concern is about the substructures
of hom,(M,N) and the semipotent of hom, (M, N) (see [9]).

In this paper we study the following two questions ( see [3, p.
1504]). (1) If P is locally projective module, when is it true that
Tot[M,P]=V[M,P]=J[M,P] for all M emod -R?2. (2) If Q is
locally  injective  module,  when is it true that
Tot[Q,N]=A[Q,N]= J[Q,N] forall N e mod —R?.

In section (2), it is proved that if, P is a locally projective module
then [M,P] is an | —semipotent for all M e mod —R. The main
result in this section, if P is locally projective then for all
Memod-R, Tot[M,P]=V[M,P]=J[M,P] if and only if,
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[M,P] is semipotent which also, equivalent, for any
a €[M,P]\J[M,P] there exists g e[P,M] with 0= Im(ap) =° P.
In section (3), it is proved that if, Q is a locally injective module
then[Q, N] is an | —semipotent for all N € mod — R. The main result
in this section, if Q is locally injective then for all N e mod —R,
Tot[Q,N]=A[Q,N]=J[Q,N] if and only if, [Q,N] is semipotent
which also, equivalent, for any a <[Q,N]\J[Q,N] there exists
B e[N,Q] with 0= Ker(Ba) c®Q.

Following [9], let Mg, N; be modules. We put
[M,N]=hom,(M,N). Thus, [M,N] is an (E,,,E,)-bimodule. The
four substructures of hom, (M, N) given as follows (see [9]).

e The Jacobson radical

JIMN]={a:ae[MN]; faeJ(E,) forall fe[NM]}

JIMN]={a:ae[M\N]; afeJ(E,) forall fe[NM]}

JIMN]={a:ae[M\N];1, —af€U(E,) forall Se[NM]}

JIMN]={e:ae[MN];1,, - facU(E, ) forall fe[NM]}

Thus, J[M,M]=J(E,,). Inparticular, J[R,R]=J(R).

e The singular ideal

AIMNN]={a:ae[M\N]; Ker(a)<, M }.

e The co-singular ideal

VIMN]={a:a e[MN]; Im(a) <<N }

e The total
Tot[M,N]={a:a €[M,N]; a [N,M]contains no nonzero
idempotents}

Tot[M,N]= {a:a e[M,N];[N,M ]a contains no nonzero

idempotents}
Thus,
Tot[M,M]=Tot (E,,)={e:a €E, ;a E,, contains no nonzero

idempotents}

={a:a € E, ; E,, @ contains no nonzero idempotents} }.
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e Also, we put

IIM\N]={a:a e[MN]; Im(a)c I(N)}

It is clear that

IIMN]c{a:ae[MN]; Bacl(E,) forall fe[NM]}

IIMN]c{a:ac[MN]; apBcl(E,) forall Bc[NM]}.

Since any small submodule of N contained in J(N) then
VIMN]c I[M,N]. If J(N)<<N then V[M,N]=1[M,N]. Thus
I=1(Ey)=I[MM]={a:aecE,; Ima)cI(M)}. In particular
foraring R, I(R)=1[R,R]=J[R,R]=J(R).

2. Locally Projective Modules.

Recall a projective module P; is an 1, —module [1] if, any
submodule A of P, Az J(P) contains a nonzero direct summand of
P. Aring R is called semipotent ring also, called I, —ring [1,5] if,
every principal leftl (resp. right) ideal not contained in J(R) contains
a nonzero idempotent. A module P, is called locally projective [4] if,
for every submodule B < P, which is not small in P there exists a
projective direct summand 0=W <® P with W — B. Thus, every
projective |, — module Pwith J(P)<<P is locally projective or
equivalently, any projective module P with E, is semipotent, is locally
projective. For any module M ., , we have J(M)={a:aeM;aR<<M }.

Lemma 2.1. For any locally projective module P the following
hold:

(1) J(P)<< P.

(2) Asubmodule K of P issmallin P ifand onlyif K < J(P).

(3) J(Ep) SV Ey.

Proof. (1). Suppose that J(P) is not small in P then J(P)
contains a nonzero projective direct summand submodule D of P.
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Thus J(D) =D which contradicts that D = 0 projective, therefore
J(P)<< P.

(2) (=). Itis clear that if K<< P then Kc J(P). («<). Let
K < J(P). Suppose that K is not small in P then there exists a
projective submodule N of P, which 0N c® P and NcK.
Since Nc® P and N < J(P) follow J(N)=N N J(P) =N which
contradicts that N = 0 projective, thus K << P .

(3). Let ¢ € J(E,). Suppose Im(a)z J(P) by (2), Im(e) not
small in P, so there exists a projective direct summand submodule
02W c® P with W c Im(a). Let e: P ->W the projection of P
onto W then 0 #e’ =ecE, and W = Im(e) = Im(ea). Since W is
projective then Ker(ea)<® P. Thus, Im(ea) and Ker(ea) are
direct summands of P, by [8, lemma 3.1], eax = (ea)p(ea) for some
0£¢peE,, therefore 0=¢pea)eE, is an idempotent and
p(ea) e J(E;) which contradicts that J(E,) doesn't contains a
nonzero idempotent, thus Im(a)c< J(P) by (2) follows that
J(E;)c VE,.

Corollary 2.2. A module P with J(P) << P is locally projective
if and only if every submodule K of P, K& J(P) contains a

nonzero projective direct summand of P .
Proof follows immediately from lemma 2.1.

Following [10], a module M is called a regular module if given
any me M there exists f € [M,R] with m = mf (m), or equivalently,

for any me M, mR is a projective direct summand of M (see [10,
Theorem 2.2]). Therefore any regular module M is locally projective
with J(M)=0. It is known that if M is a regular module then E,, is

a semipotent ring with J(E,,) =0, (see [1, Corollary 3.6]).
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Proposition 2.3. Endomorphism ring of every locally projective
module P with J(P) =0 is a semipotent ring and J(E,)=0.

Proof. Let P be a locally projective module with J(P)=0 by
lemma 2.1(3), follows that J(E,)=0. Let 0# a € E; then Im(«) is

not small submodule in P, since P is locally projective there exists a
projective direct summand W =0 of P which W < Im(«). Let

7 :P —W be the projection of P onto W then 0=y =y’ € E, and
Im(y) = Im(ya) =W . Since W is projective then Ker(ya) =® P by
[8, lemma 3.1] there exists x € E, such that (ya)u(ya)=ya. We
put g=uyauy then 0= pecE, and p=papf, thus E, is
semipotent.

Theorem 2.4. Let P, be a locally projective module. The
following are equivalent:

(1) E, is a semipotent ring.

(2) J(E,)=VE,.

(3) For every ¢ e E; \J(E;), Im(«) contains a projective direct
summand submodule 0B c P.

Proof. (1)=(2). We have by lemma 2.1(3), J(E,)cVE,.
Suppose that VE, z J(E,). Then there exists aeVE,,
ae¢J(E;), thus O0xaeE, and Im(a)<<P. Since E, is
semipotent thenf =pfapf for some O0=peE, therefore
Im(Ba)c® P and Im(Ba)<<P. Since P=Im(Ba)@®K =K for
some submodule K =0 of P, follows Im(fa)c Im(fa)nK =0
therefore fa=0 and =0, a contradiction, thus J(E,)=VE,.

(2)=@). Let e E, \J(E,), then o ¢ VE, thus Im(«) is not
small in P therefore Im(«) contains a projective direct summand
submodule B=0 of P. Suppose (3) holds. Let geE,,
ge J(E,)then Im(g) contains a projective direct summand
submodule D #0 of P. Let y:P — D the projection of P onto D.
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Since Im(y)=D < Im(g) follows that D = Im(y)=1m(yg), hence
y #0is an idempotent of E,, since Im(y)=D is projective then
Ker(y9) <® P by [1, Theorem 2.2] follows that E, is a semipotent
ring. This proves (3) = (1).

Corollary 2.5. A projective module P, is locally projective if and
only if E; is a semipotent ring. In particular, R, (resp. ;R) is a
locally projective module if and only if, R is a semipotent ring.

Proof. Let P be a projective module. (=). If P is a locally
projective then by lemma 2.1, J(P)<< P and by [1, Theorem 3.5]
E. is a semipotent ring. (<) . Suppose that E, is semipotent again
by [1, Theorem 3.5] P is locally projective.

Lemma 2.6. Let P, be a locally projective module, then for any
module M € mod —R, the following hold:

(1) Tot[M,P]=V[M,P]=1[M,P].

2) J[M,P]c I [M,P].

(3) A[M,P]c I [M,P].

(4) A[M,P]c V[M,P].

In particular, AE, c I (E;)=VE; =Tot(E;).

Proof. (1). Kasch in [5], proved that Tot[M,P]=V[M,P] for any
module M € mod-R. Since by lemma 2.1, J(P)<<P follows
I[M,P]=V[M,P].

(2). Let ¢ € J[M,P]. Suppose « ¢ | [M,P]then by (2) there exists
B e[P,M] such that 0= af =(ap)’ € E,. Since a e J[M,P]then
0+ apf eJ(E,) acontradiction.

(3). Let a € A[M,P] then Ker(a)<, M. Suppose « ¢ |[M,P]
then by (2) there exists  [P,M] such that 0= ya = (ya)’ € E,, .
Since Ker(a) c Ker(yax)  therefore Ker(ya)<, M and
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Ker(ra)mIm(ya)=0 thus Im(ya)=0, ya=0 this is a
contradiction, so A[M,P]c I[M,P]. (4). Itis clear by (1) and (3).

Lemma 2.7. [9, Lemma 2.1]. Let M., N, be modules. The
following conditions are equivalent:

(1) I ae[M,N]\J[M,N]there existsf e[N,M]such that
0+ fa=(pa)’ €E,, .

2) If ae[M,N]\J[M,N] there exists g e[N,M]such
that0 za B = (a f)’ eEy.

3) If ae[M,N]J\J[M,N] there exists y €[N,M] such that
yay=y¢J[N,M].

Following [9], Recall that [M, N ]is semipotent if, the conditions in
lemma 2.7 are satisfied. Thus [M,M] is semipotent if and only if
E,, is a semipotent ring.

Theorem 2.8. Let P, be a locally projective module. For any
module M € mod —R the following are equivalent:

(1) [M,P] is a semipotent.

(2) Tot[M,P]=J[M,P]=V [M,P].

(3) For any « €[M,P]\J[M,P] there exists g <[P,M] with
0+ Im(afB) c® P.

In particular, E, is a semipotent ring if and only if, for
anya e E, \J(E,) there exists 0=pBeE, such that
Im(Ba)<® P.

Proof. (1) = (2). Suppose that [M,P] is semipotent then [9,
Theorem 2.2] Tot[M,P]=J[M,P] and by lemma 2.6
J[M,P]=V [M,P]. (2)= (1). Since Tot[M,P]=J[M,P] then by
[9, Theorem 2.2], [M,P] is semipotent.
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1)= (3). Let a €[M,P]\J[M,P] then there exists g <[P,M]
suchthat 0 zaf = (af)* €E,,$0 0 zIm(afB)c® P.

(3)=(2). Since P is locally projective then by lemma 2.6
JIM,P]cV [M,P]. Leta e V[M,P], suppose that o ¢ J[M,P]
then there exists g e[P,M]such that 0=Im(aB)<® P. Since
aeV[M,P] and Im(af) c Im(«) then Im(ap) << P. Therefore
Im(af) =0 and af =0, a contradiction. Thus, « € J[M, P].

The semipotent rings generalized as following:

Lemma 2.9. [7, Lemma 19]. The following conditions are
equivalent for anideal | ofaring R:

() If T | isaright (resp. left) ideal there exists e* =eeT\1I.

(2)If ag | thereexists e> =ecaR\ | (resp. e* =ecRa\l).
(3) If ag | thereexists x e R such that x = xax ¢ I .

Let R bearing and | is an ideal of R, recall R is an | —
semipotent [7], if the conditions in lemma 2.9, are satisfied.

Corollary 2.10. Let | be an ideal of a ring R. If R is
| —semipotent then J(R)c I .

Proof. Suppose J(R)z | there exists ae<J(R), agl, so

x=xax ¢ | for some xeR. Since x = 0then 0= (ax)’ =ax e J(R)
this is a contradiction.

Lemma 2.11. Let M., N, be modules. The following conditions
are equivalent:

(1) If a € [M,N]\I[M,N], there exists
peINM]; 0% pa=(fa)’ €E,, pagl(Ey).
() If a € [M,N]\I[M,N], there exists

BeINM]; 02af=(af) cE,, afel(E,).

20



Damascus University Journal for BASIC SCIENCES Vol. 28, No 1, 2012

3) If ae[MN]\I[MN], there exists ye[N,M];
yay =y ¢ |[[N,M].

Proof. Suppose (1) holds. Then 0=# fa=(Ba)’ €E, and
Pa ¢ I (E,, )for some S e[NM]. By letting y = faff € [NM] we
have yay =y #0 and y ¢ I[N,M] because fa ¢ I (E,,), giving (3).
Suppose(3) holds. Then 0#ya=(ay)’€E, and yael(E,)
because y ¢ I[N,M] gives (1). Similarly, the equivalence (2) < (3)
holds.

We call that [M,N] is | —semipotent if, the conditions in lemma
2.11 are satisfied. If I[[M,N]=J[M,N] then [M,N] is semipotent if
and only if [M,N] is | — semipotent.

Proposition 2.12. Let P; be a locally projective module, then the
following hold:

(1) E; isan | — semipotent ring, where | = I(E,) c E,.

(2) [M,P] isan | — semipotent for any module M e mod —R..

Proof. (1). Let ¢ € E,, a¢I(E;) then Im(a)z J(P) and by
lemma 2.1, Im(e) is not small in P. So, there exists a projective
direct summand 0N c® P with NclIm(a) . Let B be the
projection of P on to N, then Im(f)climle) and
Im(Ba)c Im(B)=Nc® P. Since Nis projective then
Ker(Ba)<® P, by [8, Lemma 3.1] there exists y € E, such that
(Ba)y(Ba) = pa.So, 0% (yfa) = ypa

€eE,.a,and yPa ¢ 1(E,), hence J(P)<<P.Thus, E, isan | —

semipotent ring.
(2). Let @ €[M,P]\I[M,P] then by lemma 2.6 « ¢ Tot[M,P] so

there exists pe[P,M] such that 0= (af)’=aBfecE, and
af ¢ 1(E,), hence J(P)<<P thus by lemma 2.11, [M,P] is
| — semipotent.
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3. Locally injective Modules.

Recall a module Q is a locally injective [4] if, for every
submodule A< Q which is not large in Qthere exists an injective
submodule 0 #B c QwithAnB =0.

Lemma 3.1. Let Q, be a locally injective module. Then for any
module N € mod — R the following hold:

(1) Tot[Q,N]=A[Q,N].

(2) J[Q,N]c A[Q,N].

(3) VIQ,N]< A[Q,N].

In particular, J(E,) c VE, =Tot(E,) and VE, c A E,.

Proof. (1). By Kasch [4]. (2). Since J[Q,N]< Tot[Q,N], so by
(1) JIQ,N]c A[Q,N]. (3). Let ¢ eV[Q,N] and suppose that
a ¢ A[Q,N] then Ker(e) is not large in Q, so there exists an
injective module 0= Ac Q such that AnKer(a)=0. Since A is
injective there exists f:N — A such that ,Boz|A =1, so B =pap.
Thus 0=af =(af)’ €Ey, Im(@B)<® N and Im(af)c Im(a)
<<N, so Im(egf)=0 and af =0, a contradiction. Thus
a € A[Q,N].

Y. Zhou gave an example of a locally injective module which does
not have a semipotent endomorphism ring [9, Example 4.2]. The
following Theorem gave us a necessary and sufficient conditions for
endomorphism ring of a locally injective module to be semipotent
ring.

Theorem 3.2. Let Q, be a locally injective module. For any
module N € mod —R the following are equivalent:
(1) [Q,N] is a semipotent.
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(2) Tot[Q,N]=J[Q,N]=A[Q,N].

(3) For any a<[Q,N]J\J[Q,N] there exists B e[N,Q] with
0= Ker(Ba)c® Q.

In particular, E,is a semipotent ring if and only if, for any
a € Eq \J(E,) there exists 0= 8 € E, such that Ker(Sa)c® Q.

Proof. (1) = (3). a €[Q,N]\J[Q,N] then there exists £ e[N,Q]
suchthat 0 Ba = (Ba)’ €Eq, 0 0= Ker(fa) = Q.

(3)=(2). Since Qis a locally injective then by Lemma 3.1
JIQ,N]c A[Q,N]. Let @ € A [Q,N] and suppose that & ¢ J[Q,N]
then there exists 8 € [N, Q]such that0 = Ker(fa) =® Q and Ker(a)
c Ker(pa). Since Ker(a)<,Q then Ker(fa)<,Q and
Ker(fa)nIm(fa)=0 so Im(fa)=0and fa =0, a contradiction.
Thus, @ € J [Q,N].

(2)=(1). Since J[Q,N]=A[Q,N]=Tot[Q,N] then by [9,
Theorem 2.2] [Q,N] is semipotent.

Lemma 3.3. Let M., N; be modules. The following are

equivalent:
(1) If ae[M,N]\VA[M,N]there exists#[N,M]such that

0#fa =(Ba) €E,, . 2) If a €[M,N]J\A[M, N]there
exists fe[N,M]such  that O0=zaf=(af)’€E,. ((3) If
ae[M,NJ\A[M,N] there  existsy €e[N,M] such  that
yay=y&AN,M]. Proof. (1)=3). Let ae[M,N]\A[M,N],
then 0 = Ba =(Ba)’ € E,, for some B e[N,M]. Let y=Ba B then
ye[N,MJand yay=yeAN,M]because Sa¢AE,,. Suppose
(3) holds¢ let ae[M,N]\A[M,N] then y=yay for some
7 €[N,M]\A[N,M] so 0#ya=(ya)’ €E,,, gives (1). Similarly,
the equivalence (2) < (3) holds.
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We call that [M,N] is A—semipotent if the conditions in lemma
3.3 are satisfied. In particular, E,, is a A—semipotent ring if and
only if, [M,M] isa A— semipotent.

Proposition 3.4. Let Q; be a locally injective module, then the
following hold:

(1) E, isa A— semipotent ring, where A =AE, c E,.

(2) [Q,N] isan A— semipotent for any module N € mod —R.

Proof. (1). Let ¢ € E,, a ¢ AE,, then Ker(«) is not large in Q.
So, there exists an injective submodule 0= K < Qwith
KnKer(a)=0. Since K is an injective module there exist
£:Q — K such that ﬁa|K =1,. Hence, for any xeQ, f(x)eK
so, paf(x)=p(x) for all xeQ therefore, poff=p. Thus,
0#(af)’ =af e E, . This shows that E, isa A— semipotent ring.

(2). Let ¢ €[Q,N]J\A[Q,N] then Ker(«) is not large in Q. Since
Q is a locally injective, there exists an injective submodule
0= AcQ such that AnKer(a)=0. Since A is injective there
exists f:A—> N such that ﬂa|A:IA. Hence, for any yeN,

p(y)e A then pSapf(y)=p£(y) for all yeN, thus paf=p.
Therefore, S e[N,Q] such that 0+ (ef)’ =af € E, . This shows
that [Q,N]is A—semipotent.

Corollary 3.5. The following hold:

(a) Let P, be a locally projective module then:

(1) E; isan I — (or, V —) semipotent ring.

() Tot[M,P]=V[M,P]=1[M,P] for ~any  module
M emod -R.

3) [M,P] is I— (or, V-) semipotent for any module
M emod -R.
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(b) Let Q; be a locally injective module then:

(1) E, isa A - semipotent ring.

(2) Tot[Q,N]=A[Q,N] for any module N € mod —R.

(3) [Q,N] is A — semipotent for any module N e mod —R.

Proof. (a). (1) by Proposition 2.12. (2) By lemma 2.6. (3) by
proposition 2.12.

(b). (1) by proposition 3.4. (2) by lemma 3.1. (3) by proposition
3.4.

Theorem 3.6. Let P, be a locally projective module and Q be a
locally injective module, then the following hold:

(1) Tot[Q,P]=A[Q,P]=VI[Q,P]=1[Q,P].

(2) Tot[Q,P]=J[Q,P].

(3) [Q,P] is semipotent.

In particular, if M, is a locally projective and locally injective
module then Tot(E,,)=J (E,,) and E,, is a semipotent ring.

Proof. (1). Since P is a locally projective module then by lemma
2.6 we have Tot[Q,P]=V[Q,P]=1[Q,P]. On the other hand, since

Q is a locally injective module then by lemma 3.1, we
have Tot[Q,P]= A[Q, P].Thus, TofQ,P]=A[Q,P]= V[Q,P]=1[Q,P].

(2). It is clear that J[Q,P]< Tot[Q,P]. Let a € Tot[Q,P] then
by (1)a e A[Q,P]= V[Q,P] so, Im(a)<<P and Ker(a)<, Q.
Thus, for any pBe[P,Q]; paecE,, Im(Ba)<<Q, hence
Im(pa)=pF(Im(ax)) and Ker(fa)<, Q, hence Ker(a)c
Ker(fa). Since  Q=Im(fa)+Im(, - pa) follows that
Q=1Imd, - fa) and Ker (1, — pa) =0, hence
Ker(Ba) N Ker(l, — pa) =0, therefore 1, - pa eU(E,). Thus,
a € J[Q,P].(3). By (2) and [9, Theorem 2.2].
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