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ABSTRACT 

The object of this paper is to study the locally projective and locally injective 
modules. Specifically, this paper is a continuation of study of locally projective 
and locally injective modules, where a new description of locally projective and 
locally injective modules is obtained. The main obtained results  include: 

 (a) Let RP  be a module. The following conditions are equivalent: 
(1) P  is a locally projective module. 
(2) ],[],[Tot PMPM ∇=  for all RodmM −∈ . 
(3) ],[],[Tot MPMP ∇=  for all RodmM −∈ . 
(4) ],[ MP  is a −∇ semipotent for all RodmM −∈ . 
(5) ],[ PM  is a −∇ semipotent for all RodmM −∈ . 

 (b) Let RQ  be a module. The following conditions are equivalent: 
(1) Q  is a locally injective module. 
(2) ],[],[Tot NQNQ ∆=  for all RodmN −∈ . 
(3) ],[],[Tot QNQN ∆=  for all RodmN −∈ . 
(4) ],[ NQ  is a −∆ semipotent for all RodmN −∈ . 
(5) ],[ QN  is a −∆ semipotent for all RodmN −∈ . 

(c) The following conditions are equivalent for any ring R : 
(1) Every module RodmM −∈  with ME  is a −∆ semipotent ring,  is injective. 
(2) −R is a semi-simple Artinian ring. 

(3)Every module RodmM −∈  with ME is a −∇ semipotent ring, is projective. 
Key Words: Semipotent Rings, Locally projective and locally 

injective modules, The total, Jacobson radical, (co) 
singular ideal, Endomorphisms rings, ),( NMomh R . 
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  )II(المودولات الإسقاطية المحلية والأفقية المحلية 
  حمـزة حاكمـي

   سورية– جامعة دمشق- كلية العلوم– الرياضياتقسم 
 09/10/2011تاريخ الإيداع 

  02/04/2012 قبل للنشر في
 

  صالملخ
 تعـد   بشكل خاص، . الهدف من هذا البحث هو دراسة المودولات الإسقاطية المحلية والأفقية المحلية          

هذه الورقة متابعة لدراسة المودولات الإسقاطية والأفقية المحلية للحصول علـى وصـف جديـد لهـذه                 
  : النتائج الرئيسية التي تم التوصل إليها من خلال هذه الدراسة هي. المودولات

  :تالية متكافئةالشروط ال. R مودولاً فوق الحلقة RPليكن ) أ(
 . يكون مودولاً إسقاطياً محلياPًالمودول  .1
RodmMلأجل أي مودول  .2 Tot],[],[ فإن ∋− PMPM ∇= . 
RodmMلأجل أي مودول  .3 Tot],[],[ فإن ∋− MPMP ∇= . 

RodmMلأجل أي مودول  .4 ],[ول الثنائي المود∋− MP شبه جامد −∇يكون. 

RodmMلأجل أي مودول  .5 ],[ المودول الثنائي∋− PM شبه جامد −∇يكون. 

  :الشروط التالية متكافئة. R مودولاً فوق الحلقة RQليكن ) ب(
 . يكون مودولاً أفقياً محلياQًالمودول  .1

RodmNلأجل أي مودول  .2 Tot],[],[ فإن ∋− NQNQ ∆= . 

RodmNلأجل أي مودول  .3 Tot],[],[ فإن ∋− QNQN ∆= . 

RodmNلأجل أي مودول  .4 ],[ المودول الثنائي∋− NQ شبه جامد −∆يكون. 

RodmNلأجل أي مودول  .5 ],[ المودول الثنائي∋− QN شبه جامد −∆يكون. 

  :ة متكافئة الشروط التاليRلأجل أي حلقة ) ج(
RodmMأي مودول .1  .يكون مودولاً محلياً، شبه جامدة −∆ هيMEمن أجله الحلقة∋−

 . تكون نصف بسيطة أرتينيةRالحلقة .2

RodmMأي مودول .3  .يكون مودولاً إسقاطياً، شبه جامدة −∇هيMEمن أجله الحلقة∋−
سقاطية المحليـة، المـودولات   حلقات شبه الجامدة، المودولات الإ   ال:ةالكلمات المفتاحي 

الأفقية المحلية، التوتال، أساس جاكبسون، المثالي المنفرد، حلقـة         
),(التشاكلات لمودول،  NMomh R.  

4016,5016:  يف العالميرقم التصن DE.  
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1. Introduction. 
In this paper the ring R  is associative with identity unless 

otherwise indicated. All modules over a ring R  are unitary right 
modules. A submodule N of a module M  is said to be small in M  if 

MKN ≠+  for any proper submodule K  of M , [3]. A submodule 
N  of a module M  is said to be large (essential) in M  if 0≠∩ KN  
for any nonzero submodule K  of M , [3]. If M  is an −R module, the 
radical of M  denoted by )(MJ  is defined to be the intersection of all 
maximal submodules of M. Also, )(MJ coincides with the sum of all 
small submodules of M ,[5]. It my happen that M  has no maximal 
submodules in which case MMJ =)( , [5]. Thus,  for a ring R , )(RJ  
is the Jacobson radical of R . Also, we write )(RU  the group of units 
of a ring R . For a submodule N of a module M, we use MN ⊕⊆  to 
mean that N  is a direct summand of M, and we write MN e≤  and 

MN <<  to indicate that N is a large, respectively small, submodule 
of M . 

If RM  is a module, we use the notation )(MEndE RM =  and we 
write 

})(;:{ MKerEE eMM ≤∈=∆ ααα , ∈=∇ αα :{ME })(; MmIEM <<α  
And )}()(;:{)( MJmIEEI MM ⊆∈= ααα . It is well known that 

ME∆ , ME∇  and )( MEI  are ideals in ME  [3]. If RM and RN  are 
modules, we use =],[ NM  ),( NMomh R . Thus, ],[ NM  is an 

−),( NM EE bimodule. Our main concern is about the substructures of 
),( NMomh R  and the semipotent of ),( NMomh R (see [6]). 

Following [6], let RM , RN  be modules. We putI [M,N]=homR (M,N). 
Thus, ],[ NM  is an ),( NM EE -bimodule. The four substructures of 

),( NMomh R are given as follows (see [6]). 
• The Jacobson radical 

}][)(;][:{][ N,Mfor allEJM,NM,NJ M ∈∈∈= βαβαα  
}][)(;][:{][ N,Mfor allEJM,NM,NJ N ∈∈∈= ββααα  

}][)(1;][:{][ N,Mfor allEUM,NM,NJ NN ∈∈−∈= ββααα  
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}][)(1;][:{][ N,Mfor allEUM,NM,NJ MM ∈∈−∈= βαβαα . 
Thus, )(],[ MEJMMJ = . In particular, )(],[ RJRRJ = . 

• The singular ideal  
})(;][:{][ MKerM,NM,N e≤∈=∆ ααα . 

In particular, MEMM ∆=∆ ],[ . 
• The co-singular ideal 

})(;][:{][ NmIM,NM,N <<∈=∇ ααα . 
In particular, MEMM ∇=∇ ],[ . 

• The total 
}],[];,[:{],[Tot sidempotentnonzeronocontainsMNNMNM ααα ∈=
}],[];,[:{],[Tot sidempotentnonzeronocontainsMNNMNM ααα ∈=  

 Thus,  
};:{)(Tot],[Tot sidempotentnonzeronocontainsEEEMM MMM ααα ∈==

 };:{ sidempotentnonzeronocontainsEE MM ααα ∈= . 
 

2. Locally Projective Modules. 
A module RP  is called locally projective [4] if, for every submodule 

PB ⊆ , which is not small in P  there exists a projective direct 
summand PW ⊕⊆≠0  with BW ⊆ . 

 
We present in the following, a number of results from [2] which 

will be used throughout the paper. 
 
Lemma 2.1. [2, Lemma 4.1]. Let RM , RN  be modules then: 

(1) )(Tot ];,[:{],[Tot MENMNM ∈∈= αβαα  for all ]},[ MN∈β . 
(2) )(Tot ];,[:{],[Tot NENMNM ∈∈= βααα  for all ]},[ MN∈β . 

 
Lemma 2.2. [2, Lemma 5.6]. Let RM , RN  be modules. The 

following are equivalent: 
(1) If ],[\],[ NMNM ∇∈α there exists ],[ MN∈β  such that 

ME∈=≠ 2)(0 βαβα .  
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(2) If ],[\],[ NMNM ∇∈α  there exists ],[ MN∈β such that 

NE∈=≠ 2)(0 αβαβ .  
(3)  If ],[\],[ NMNM ∇∈α  there exists ],[ MN∈γ  such that 

],[ MN∇∉= γγαγ .  
 
We call that ],[ NM  is −∇ semipotent [2], if the conditions in 

lemma 2.2 are satisfied. 
 
Lemma 2.3. [2, Theorem 5.7]. Let RM , RN  be modules. ],[ NM  is 
−∇  semipotent if and only if, ],[],[Tot NMNM ∇= . In particular, 

ME  is a −∇  semipotent ring  if and only if, MM EE ∇=)(Tot . 
Proposition 2.4. Let RM  be module. The following conditions are 

equivalent: 
(1) ],[ NM  is −∇ semipotent for any module RodmN −∈ . 
(2) ME  is a −∇ semipotent ring and for any module RodmN −∈ , 

}],[;][:{][ MNanyforEN,MNM, M ∈∇∈∈=∇ ββααα . 
 
Proof. )2()1( ⇒ . Since for any module RodmN −∈ , ],[ NM  is 
−∇ semipotent then by lemma 2.3, ],[],[Tot NMNM ∇= , by [2, 

Proposition 5.5] we have =∇ ],[ NM  MENM ∇∈∈ αβαα ];,[:{  
for all ]},[ MN∈β . On the other hand, we have 

MM EMMMME ∇=∇== ],[],[Tot)(Tot , so by lemma 2.3 ME  is a 
−∇ semi-potent  ring. 

)1()2( ⇒ . Let RN  be a module and ],[ NM∇∈α . Suppose 
],[Tot NM∉α  then ME∈=≠ αβαβ 2)(0  for some ],[ MN∈β , 

so MKermI =⊕ )()( αβαβ . On the other hand, since ],[ NM∇∈α  
then NmI <<)(α  and MmI <<)( αβ , thus MKer =)( αβ , so 

0=αβ  a contradiction. Hence ],[Tot],[ NMNM ⊆∇ .  
Let ],[Tot NM∈α  then by Lemma 2.1, )(Tot ME∈αβ  for all 

],[ MN∈β . By (2) since ME  is a −∇  semipotent ring then by lemma 
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2.3, MM EE ∇=)(Tot , so ME∇∈αβ  for all ],[ MN∈β  thus, by 
assumption ],[ NM∇∈α . So ],[],[Tot NMNM ∇⊆ . Thus we have 

],[],[Tot NMNM ∇=  by lemma 2.3 ],[ NM  is −∇ semipotent for 
any module RodmN −∈ . 

 
Proposition 2.5.  Let RN  be module.  The following conditions are 

equivalent: 
(1) ],[ NM  is −∇ semipotent for any module RodmM −∈ . 
(2) NE   is a −∇ semipotent ring and for any module RodmM −∈ , 

}],[;][:{][ MNallforEM,NNM, N ∈∇∈∈=∇ ββααα . 
 
Proof. )2()1( ⇒ . Since for any module RodmM −∈ , ],[ NM  is 
−∇ semipotent then by lemma 2.3, ],[],[Tot NMNM ∇= , by [2, 

Proposition 5.5] we have =∇ ],[ NM  NENM ∇∈∈ βααα ];,[:{   
for all ]},[ MN∈β . On the other hand, we have 

NN ENNNNE ∇=∇== ],[],[Tot)(Tot , so by lemma 2.3 NE  is a 
−∇ semi-potent ring. 

)1()2( ⇒ . Let RM  be a module and ],[ NM∇∈α . Suppose 
],[Tot NM∉α  then NE∈=≠ βαβα 2)(0   for some ],[ MN∈β , 

so NKermI =⊕ )()( βαβα . On the other hand, since ],[ NM∇∈α  
then NmI <<)(α ,  since )()( αβα mImI ⊆  then NmI <<)( βα , 
thus NKer =)( βα , so 0=βα  a contradiction. Hence 

],[Tot],[ NMNM ⊆∇ .  
Let ],[Tot NM∈α  then by Lemma 2.1, )(Tot NE∈βα  for all 

],[ MN∈β . By (2) since NE  is a −∇  semipotent ring then by lemma 
2.3, NN EE ∇=)(Tot , so NE∇∈βα  for all ],[ MN∈β  thus, by 
assumption ],[ NM∇∈α . So ],[],[Tot NMNM ∇⊆ . Thus we have 

],[],[Tot NMNM ∇=  by lemma 2.3 ],[ NM  is −∇ semipotent for 
any module RodmM −∈ . 
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Corollary  2.6. The following conditions are equivalent: 

(1) For any module RodmM −∈  , ],[ NM  is −∇ semipotent  for all 
RodmN −∈ . 

(2) For any module RodmN −∈ ,   ],[ NM  is −∇ semipotent  for all 
RodmM −∈ . 

 
Proof. )2()1( ⇒ . Let RN  be module. Suppose RodmM −∈ , then 

by (1) ],[ NM  is −∇ semipotent, and by lemma 2.3 we have 
],[],[Tot NMNM ∇= . So by [2, proposition 5.5 (b)] we have  

}],[;][:{][ MNallforEM,NNM, N ∈∇∈∈=∇ ββααα  
And NE   is a −∇ semipotent ring. 

)1()2( ⇒ . Let RM  be module. Suppose RodmN −∈ , then by (2) 
],[ NM  is −∇ semipotent, and by lemma 2.3 we have 

],[],[Tot NMNM ∇= . So by [2, proposition 5.5 (b)] we have  
}],[;][:{][ MNanyforEN,MNM, M ∈∇∈∈=∇ ββααα  

And ME   is a −∇ semipotentring. 
 
Theorem 2.7. Let RP  be a module. The following conditions are 

equivalent: 
(1) P  is a locally projective module. 
(2) ],[],[Tot PMPM ∇=  for all RodmM −∈ . 
(3) ],[],[Tot MPMP ∇=  for all RodmM −∈ . 
(4) ],[ MP  is a −∇ semipotent for all RodmM −∈ . 
(5) ],[ PM  is a −∇ semipotent for all RodmM −∈ . 

 
Proof. )2()1( ⇔  by Kasch [4]. )3()2( ⇔  by Corollary  2.6. 

)4()3( ⇔  and )5()2( ⇔  by lemma 2.3. 
Proposition 2.8. Let RP  be a locally projective module. For any 

module RodmM −∈  the following conditions are equivalent: 
(1) ],[ PM  is semipotent. 
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(2) ],[],[],[Tot PMJPMPM =∇=  . 
Proof. )2()1( ⇒ . Suppose that ],[ PM  is semipotent then by [6, 

Theorem 2.2]  
],[],[Tot PMJPM = . Since P is locally projective then by Kasch [4] 

 ],[],[Tot PMPM ∇= . Thus, ],[],[],[Tot PMJPMPM =∇= . 
)1()2( ⇒ . Since ],[],[Tot PMJPM =  then by [6, Theorem 2.2] 

],[ PM  is semipotent. 
 
3. Locally injective Modules. 
A module RQ  is called locally projective [4] if, for every 

submodule QA⊆ , which is not large in Q  there exists an injective 
summand QB ⊆≠0  with 0=∩ BA . 

 
Lemma 3.1. [2, Lemma 5.2]. Let RM , RN  be modules. The 

following are equivalent: 
(1) If ],[\],[ NMNM ∆∈α there exists ],[ MN∈β  such that 

ME∈=≠ 2)(0 βαβα . (2) If ],[\],[ NMNM ∆∈α  there exists 
],[ MN∈β  such that NE∈=≠ 2)(0 αβαβ . (3)  If ],[\],[ NMNM ∆∈α  

there exists ],[ MN∈γ  such that ],[ MN∆∉= γγαγ .  
 
We call that ],[ NM  is −∆ semipotent [2], if the conditions in 

lemma 3.1  are satisfied. 
 
Lemma 3.2. [2, Theorem 5.3]. Let RM , RN  be modules. ],[ NM  is 

−∆ semipotent if and only if, ],[],[Tot NMNM ∆= . In particular, 

ME  is a −∆ semipotent ring  if and only if, MM EE ∆=)(Tot . 
 
Proposition 3.3. Let RM  be module. The following conditions are 

equivalent: 
(1) ],[ NM  is −∆ semipotent for any module RodmN −∈ . 
(2) ME  is a −∆ semipotent ring and for any module RodmN −∈ , 
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}],[;][:{][ MNanyforEN,MNM, M ∈∆∈∈=∆ ββααα . 
Proof. )2()1( ⇒ . Since for any module RodmN −∈ , ],[ NM  is 

−∆ semipotent then by lemma 3.2, ],[],[Tot NMNM ∆= , by [2, 
Proposition 5.1(b)] we have =∆ ],[ NM  MENM ∆∈∈ αβαα ];,[:{  
for all ]},[ MN∈β . On the other hand, we have 

MM EMMMME ∆=∆== ],[],[Tot)(Tot , so by lemma 3.2 ME  is a 
−∆ semipotent  ring. 

)1()2( ⇒ . Let RN  be a module and ],[ NM∆∈α . Suppose 
],[Tot NM∉α  then ME∈=≠ αβαβ 2)(0  for some ],[ MN∈β , 

so MKermI =⊕ )()( αβαβ . On the other hand, since ],[ NM∆∈α  
then MKer e≤)(α , so NKer e≤)(βα  hence )()( αβα KerKer ⊆ . 
Since 0)()( =∩ αβαβ KermI  follows 0)( =αβmI , so 0=αβ  a 
contradiction. Hence ],[Tot],[ NMNM ⊆∆ .  

Let ],[Tot NM∈α  then by Lemma 2.1, )(Tot ME∈αβ  for all 
],[ MN∈β . By (2) since ME  is a −∆ semipotent ring then by lemma 

3.2, MM EE ∆=)(Tot , so ME∆∈αβ  for all ],[ MN∈β  thus, by 
assumption ],[ NM∆∈α . So ],[],[Tot NMNM ∆⊆ . Thus we have 

],[],[Tot NMNM ∆=  by lemma 3.2 ],[ NM  is −∆ semipotent for 
any module RodmN −∈ . 

Proposition 3.4.  Let RN  be module.  The following conditions are 
equivalent: 

(1) ],[ NM  is −∆ semipotent for any module RodmM −∈ . 
(2) NE   is a −∆ semipotent ring and for any module RodmM −∈ , 

}],[;][:{][ MNallforEM,NNM, N ∈∆∈∈=∆ ββααα . 
Proof. )2()1( ⇒ . Since for any module RodmM −∈ , ],[ NM  is 

−∆ semipotent then by lemma 3.2, ],[],[Tot NMNM ∆= , by [2, 
Proposition 5.1(b)] we have =∆ ],[ NM  NENM ∆∈∈ βααα ];,[:{   
for all ]},[ MN∈β . On the other hand, we have 
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NN ENNNNE ∆=∆== ],[],[Tot)(Tot , so by lemma 3.2, NE  is a 
−∆ semi-potent ring. 

)1()2( ⇒ . Let RM  be a module and ],[ NM∆∈α . Suppose 
],[Tot NM∉α  then NE∈=≠ βαβα 2)(0   for some ],[ MN∈β , so 

NKermI =⊕ )()( βαβα . On the other hand, since ],[ NM∆∈α  then 

NE∆∈βα , therefore NKer e≤)( βα . Hence 0)()( =∩ βαβα KermI  
follows 0=βα  a contradiction. Thus, ],[Tot NM∈α  and 

],[Tot],[ NMNM ⊆∆ .  
Let ],[Tot NM∈α  then by Lemma 2.1, )(Tot NE∈βα  for all 

],[ MN∈β . Since by (2) NE  is a −∆  semipotent ring then by lemma 
3.2, NN EE ∆=)(Tot  , so NE∆∈βα  for all ],[ MN∈β  thus, by 
assumption ],[ NM∆∈α . So ],[],[Tot NMNM ∆⊆ . Thus we have 

],[],[Tot NMNM ∆=  by lemma 3.2 ],[ NM  is −∆ semipotent for 
any module RodmM −∈ . 

 
Corollary  3.5. The following conditions are equivalent: 

(1)  For any module RodmM −∈  , ],[ NM  is −∆ semipotent  for all 
RodmN −∈ . 

(2)  For any module RodmN −∈ ,   ],[ NM  is −∆ semipotent  for all 
RodmM −∈ . 

Proof. )2()1( ⇒ . Let RN  be module. Suppose RodmM −∈ , then 
by (1) ],[ NM  is −∆ semipotent, and by lemma 3.2 we have 

],[],[Tot NMNM ∆= . So by [2, proposition 5.1 (b)] we have  
}],[;][:{][ MNallforEM,NNM, N ∈∆∈∈=∆ ββααα  

And NE   is a −∆ semipotent ring. 
)1()2( ⇒ . Let RM  be module. Suppose RodmN −∈ , then by (2) 

],[ NM  is −∆ semipotent, and by lemma 3.2 we have 
],[],[Tot NMNM ∆= . So by [2, proposition 5.1 (b)] we have  

}],[;][:{][ MNanyforEN,MNM, M ∈∆∈∈=∆ ββααα  
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And ME   is a −∆ semipotentring. 
 
 
Theorem 3.6. Let RQ  be a module. The following conditions are 

equivalent: 
(1) Q  is a locally injective module. 
(2) ],[],[Tot NQNQ ∆=  for all RodmN −∈ . 
(3) ],[],[Tot QNQN ∆=  for all RodmN −∈ . 
(4) ],[ NQ  is a −∆ semipotent for all RodmN −∈ . 
(5) ],[ QN  is a −∆ semipotent for all RodmN −∈ . 
 
Proof. )2()1( ⇔  by Kasch [4]. )3()2( ⇔  by Corollary  3.5. 

)4()3( ⇔  and )5()2( ⇔  by lemma 3.2. 
 
Proposition 3.7. Let RQ  be a locally injective module. For any 

module RodmN −∈  the following conditions are equivalent: 
(1) ],[ NQ  is semipotent. 
(2) ],[],[],[Tot NQJNQNQ =∆=  . 
 
Proof. )2()1( ⇒ . Suppose that ],[ NQ  is semipotent then by [6, 

Theorem 2.2] ],[],[Tot NQJNQ = . Since Q  is locally injective then 
by Kasch [4] Q . Thus, ],[],[Tot PMPM ∆= . )1()2( ⇒ . Since 

],[],[Tot PMJPM =  then by [6, Theorem 2.2] ],[ NQ  is semipotent. 
Let 

}any for  ],,[],[Tot :{)( RodmNNMJNMRodmMR −∈=−∈=Φ  
}any for  ],,[],[Tot :{)( RodmMNMJNMRodmNR −∈=−∈=Γ  

}any for  ],,[],[Tot :{)( RodmNNMNMRodmMR −∈∆=−∈=∆Φ
}any for  ],,[],[Tot :{)( RodmMNMNMRodmNR −∈∇=−∈=Γ∇

 
Theorem3.8. The following conditions are equivalent for any ring R : 

(1) Every module RodmM −∈  with ME  is a −∆ semipotent ring,  is 
injective. 
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(2) )()( RR ∆Φ=Φ . 
(3) Every module RodmM −∈  with ME  is  semipotent ring,  is 

injective. 
(4) −R is a semi-simple Artinian ring. 
(5)Every module RodmM −∈  with ME  is  semipotent ring,  is 

projective. 
(6) )()( RR Γ∇=Γ . 
(7)Every module RodmM −∈  with ME  is a −∇ semipotent ring,is  

projective. 
Proof. By [6, Corollary 4.7] and  propositions 3.7 and 2.8. 
Corollary 3.9. The following conditions are equivalent for any ring 

R : 
(1) R  is a semipotent ring and )(RJ  is left −T nilpotent. 
(2) PE  is a semipotent ring for every projective module RodmP −∈ . 
(3) PE  is a −∇ semipotent ring for every projective module 

RodmP −∈ . 
(4) FE  is a semipotent ring for every free module RodmF −∈ . 
(5) FE  is a −∇ semipotent ring for every free module RodmF −∈ . 

 
Proof. By [6, Theorem 4.10] since for any projective module 

RodmP −∈ ; PP EEJ ∇=)( ,  by [5, Proposition 1.1]. (See also, [1, 
Theorem 3.8]). 
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