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ABSTRACT 

The object of this paper is to study the total as substructure of ),( NMomh R  
for any two modules RM  and RN , one of interesting question, is when the total 
of a module N  equals the ))(,( NJNomh R . Toward this question, many 
results have been obtained, where we characterize the module N  and for which 

],[],[Tot NMINM =  for all RodmM −∈ . The main obtained results  
include: 

 (a) Let RN  be module. The following conditions are equivalent: 

(1)  The module RN  is an −I module. 
(2) ],[],[Tot NMINM =  for all RodmM −∈ . 
(3) ],[],[Tot MNIMN =  for all RodmM −∈ . 
(4) ],[ MN  is a −I semipotent for all RodmM −∈ . 
(5) ],[ NM  is a −I semipotent for all RodmM −∈ . 

(6)  NE  is an −I semipotent ring and for all RodmM −∈ , 

}],[)(;][:{][ MNanyforEIN,MNM,I N ∈∈∈= ββααα  

 (b) Let RN  be an −I module with }0{)( =Γ N . The following conditions 
are equivalent: 

(1) NE  is a semipotent ring. 

(2) )()( NN EIEJ = . 

(3) For every )(\ NN EJE∈α  there exists a projective direct summand 

NW ⊕⊆≠0  such that )(αmIW ⊆ . 
Key Words: Semipotent Rings, The total, Jacobson radical, (co) 

singular ideal, Endomorphisms rings, ),( NMomh R . 
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I− شبه الجمودية وتوتال المودولات  
  

  حمـزة حاكمـي
   سورية– جامعة دمشق- كلية العلوم– الرياضياتقسم 

 17/01/2012تاريخ الإيداع 

  28/05/2012 قبل للنشر في
 

  صالملخ
),(الهدف من هذا العمل هو دراسة التوتال بالنظر إليه كبنية جزئية من المـودول                NMomh R 

أحد الأسئلة المطروحـة هـو متـى يكـون التوتـال يـساوي           . RN و RMمودولين  وذلك لأجل أي    
))(,( NJNomh R ،  أي متى يكون))(,()(Tot NJNomhE RN هي حلقة  NE حيث   =

حيـث  ،  هذا التساؤل تم الحصول على عدد من النتائج        عنبة  في معرض الإجا  . RNالتشاكلات للمودول   
Tot],[],[  الذي من أجلهRN المودولوصف NMINM RodmM وذلك أياً كان= −∈.  

  :  النتائج الرئيسة التي تم التوصل إليها من خلال هذه الدراسة هي
  : متكافئةالآتيةالشروط  . R مودولاً فوق الحلقة RNليكن ) أ(

 . مودول−I هوRNالمودول  .1
RodmMلأجل أي مودول  .2 Tot],[],[ فإن ∋− NMINM = . 

RodmMلأجل أي مودول  .3 Tot],[],[ فإن ∋− MNIMN = . 

RodmMلأجل أي مودول  .4 ],[ المودول الثنائي∋− MN يكونI− شبه جامد. 

RodmMلأجل أي مودول  .5 ],[ المودول الثنائي∋− NM يكونI− شبه جامد. 

RodmMشبه جامدة وأنه لأجل أي مودول −I هي حلقة NEالحلقة  .6   فإن∋−

}],[)(;][:{][ MNanyforEIN,MNM,I N ∈∈∈= ββααα 

)(}0{ يحققRمودول فوق الحلقة−Iعبارة عنRNليكن) ب( =Γ N . متكافئةالآتيةالشروط :  
 . هي حلقة شبه جامدةNEالحلقة  .1

2. )()( NN EIEJ =. 

\)(لأجل أي .3 NN EJE∈αيوجد حد مباشر إسقاطي NW αmIW)(  يحقق0≠⊇⊕ ⊆ . 

تال، أساس جاكبسون، المثالي المنفـرد،      الحلقات شبه الجامدة، التو    :ةالكلمات المفتاحي 
),(حلقة التشاكلات لمودول،  NMomh R.  

7016,6016,5016:  2010رقم التصنيف العالمي للعام  DEE.  
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1. Introduction. 
In this paper rings R  are associative with identity unless otherwise 

indicated. All modules over a ring R  are unitary right modules. A 
submodule N of a module M  is said to be small in M  if MKN ≠+  
for any proper submodule K  of M , [4]. A submodule N  of a module 
M  is said to be large (essential) in M  if 0≠∩ KN  for any nonzero 
submodule K  of M , [4]. If M  is an −R module, the radical of M  
denoted by )(MJ  is defined to be the intersection of all maximal 
submodules of M . Also, )(MJ coincides with the sum of all small 
submodules of M . It my happen that M  has no maximal submodules 
in which case MMJ =)( , [6]. Thus,  for a ring R , )(RJ  is the 
Jacobson radical of R . Also, we write )(RU  the group of units of a 
ring R . For a submodule N of a module M , we use MN ⊕⊆  to 
mean that N  is a direct summand of M , and we write MN e≤  and 

MN <<  to indicate that N is a large, respectively small, submodule 
of M . 

If RM  is a module, we use the notation )(MEndE RM =  and we 
write )}()(;:{)( MJmIEEI MM ⊆∈= ααα . It is well known that 

)( MEI  is an ideal in ME  [4]. If RM and RN  are modules, we use 
=],[ NM  ),( NMomh R . Thus, ],[ NM  is an −),( NM EE bimodule. 

Our main concern is about the substructures of ),( NMomh R  and the 
semipotent of ),( NMomh R (see [7]).  

The bimodule ],[ NM  has there radicals: the Jacobson radical of 

MENM ],[ , Jacobson radical of ],[ NM
NE , and then the important 

Jacobson radical denoted ],[ NMJ . 
 
• The Jacobson radical 

}][)(;][:{][ N,Mfor allEJM,NM,NJ M ∈∈∈= βαβαα  
}][)(;][:{][ N,Mfor allEJM,NM,NJ N ∈∈∈= ββααα  

Thus, )(],[ MEJMMJ = . In particular, )()(],[ RJEJRRJ R ≈= , 
hence RER ≈  . 
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• The total 

}],[];,[:{],[Tot sidempotentnonzeronocontainsMNNMNM ααα ∈=
 

Where ]},[:{],[ MNMN ∈= ββαα . 
}],[];,[:{],[Tot sidempotentnonzeronocontainsMNNMNM ααα ∈=  

 Where ]},[:{],[ MNMN ∈= βαβα . 
Thus,  

};:{)(Tot],[Tot sidempotentnonzeronocontainsEEEMM MMM ααα ∈==
 };:{ sidempotentnonzeronocontainsEE MM ααα ∈= . 

 
2. −I  Semipotent Modules. 
 
Let RM , RN be modules. We put  

)}()(];,[:{],[ NJmINMNMI ⊆∈= ααα  
Thus,  

)}()(;:{],[)( MJmIEMMIEI MM ⊆∈== ααα  
It is easy to see that 

)(;:{)( MMM EIEEI ∈∈= αβαα  for all }ME∈β  
)(;:{)( MMM EIEEI ∈∈= βααα  for all }ME∈β  

 
Let RP  be a  projective module then by [6, Proposition 1.1] we 

have :  
1 - )}()(;:{)( PJmIEEJ PP ⊆∈⊆ ααα . 
2 – If PPJ <<)(  then  

)}()(;:{)}()(;:{)( PJmIEPJmIEEJ PPP ⊆∈=<<∈= αααααα
. 

 So,  for any projective module RP   we have: 
1 -  )()( PP EIEJ ⊆ . 
2 – If PPJ <<)(  then )()( PP EIEJ = . 
 



Damascus University Journal for BASIC SCIENCES Vol. 29, No 1, 2013  

 29

Thus, for a ring R , )()(],[],[)( RJEJRRJRRIRI R ≈=== , 
hence RR  is a projective module and RRRJ <<)( . 

Also, if RM  be module and MK ⊕⊆ , then )(MJK ⊆   if and only 
if )()( MJKKJ ∩= . Putting })(;:{)( KKJMKKM =⊆=Γ ⊕ . 
Not that for any projective module P , }0{)( =Γ P , hence if PK ⊕⊆  
and )(PJK ⊕⊆  then K  is projective and KMJKKJ =∩= )()( , so 

0=K .  In addition to, if MMJ <<)( ( or M  is  finitely generated ) 
for some RodmM −∈  then }0{)( =Γ M , hence if MK ⊕⊆  and 

)(MJK ⊕⊆  then MK <<  and DKM ⊕=  for some submodule D  
of  M , since MK <<  then DDKM =⊕=  and 

KMKDK =∩=∩=0 . 
 
We present in the following, a number of results from [3] which 

will be used throughout the paper. 
 
Lemma 2.1. [3, Lemma 4.1]. Let RM , RN  be modules then: 

(1) )(Tot ];,[:{],[Tot MENMNM ∈∈= αβαα  for all ]},[ MN∈β . 
(2) )(Tot ];,[:{],[Tot NENMNM ∈∈= βααα  for all ]},[ MN∈β . 

 
Lemma 2.2. [3, Lemma 5.10]. Let RM , RN be modules. The 

following are equivalent: 
(1) If ],[\],[ NMINM∈α there exists ],[ MN∈β such that 

ME∈=≠ 2)(0 βαβα  and )( MEI∉βα .  
(2) If ],[\],[ NMINM∈α there exists ],[ MN∈β such that 

NE∈=≠ 2)(0 αβαβ  and )( NEI∉βα . 
(3)  If ],[\],[ NMINM∈α  there exists ],[ MN∈γ  such that 

],[ MNI∉= γγαγ .  
 
We call that ],[ NM  is −I semipotent [3], if the conditions in 

lemma 2.2 are satisfied. In particular, ME  is an −I semipotent ring if 
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and only if, for any ME∈α , )( MEI∉α  there exists ME∈β  such 
that ME∈=≠ 2)(0 αβαβ . 

 
Lemma 2.3. [3, Theorem 5.11]. Let RM , RN  be modules then the 

following hold: 
(1) If }0{)( =Γ M then ],[ NM  is −I semipotent if and only if, 

],[],[Tot NMINM = .  
(2) If }0{)( =Γ N  then ],[ NM  is −I semipotent if and only if, 

],[],[Tot NMINM = . 
In particular, if }0{)( =Γ M  then ME  is an −I semipotent ring  if 

and only if,  )()(Tot MM EIE = . 
 
Proposition 2.4. Let RM  be module with }0{)( =Γ M . The 

following conditions are equivalent: 
(1) ],[ NM  is −I semipotent for any module RodmN −∈ . 
(2)  ME  is an −I semipotent ring and for any module 

RodmN −∈ , 
}],[)(;][:{][ MNanyforEIN,MNM,I M ∈∈∈= ββααα . 

 
Proof. )2()1( ⇒ . Since for any module RodmN −∈ , ],[ NM  is 

I- semipotent then by lemma 2.3, ],[],[Tot NMINM = , by[3, 
Proposition 5.9(b)] we have =],[ NMI  )(];,[:{ MEINM ∈∈ αβαα  for 
all ]},[ MN∈β . On the other hand, we have 

)(],[],[Tot)(Tot MM EIMMIMME === , so by lemma 2.3 ME  is 
an −I semipotent  ring. 

)1()2( ⇒ . Let RN  be a module and ],[ NMI∈α . Suppose 
],[Tot NM∉α  then ME∈=≠ αβαβ 2)(0  for some ],[ MN∈β , 

so MKermI =⊕ )()( αβαβ . On the other hand, since ],[ NMI∈α  
then )()( NJmI ⊆α  and )()( MJmI ⊆αβ , thus )()( MmI Γ∈αβ , 
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so 0)( =αβmI  and 0=αβ  a contradiction. Hence ⊆],[ NMI  
],[Tot NM .  

Let ],[Tot NM∈α  then by Lemma 2.1, )(Tot ME∈αβ  for all 
],[ MN∈β . By (2) since ME  is an −I semipotent ring then by lemma 

2.3, )()(Tot MM EIE = , so )( MEI∈αβ  for all ],[ MN∈β  thus, by 
assumption ],[ NMI∈α . So ],[],[Tot NMINM ⊆ . Thus we have 

],[],[Tot NMINM =  by lemma 2.3 ],[ NM  is −I semipotent for 
any module RodmN −∈ . 

 
Proposition 2.5.  Let RN  be module with }0{)( =Γ N .  The 

following conditions are equivalent: 
(1) ],[ NM  is −I semipotent for any module RodmM −∈ . 
(2)  NE   is an −I semipotent ring and for any module 

RodmM −∈ , 
}],[)(;][:{][ MNallforEIM,NNM,I N ∈∈∈= ββααα . 

 
Proof. )2()1( ⇒ . Since for any module RodmM −∈ , ],[ NM  is 

I- semipotent then by lemma 2.3, ],[],[Tot NMINM = , by [3, 
Proposition 5.9(b)] we have =],[ NMI  )(];,[:{ NEINM ∈∈ βααα   
for all ]},[ MN∈β . On the other hand, we have 

)(],[],[Tot)(Tot NN EINNINNE === , so by lemma 2.3 NE  is 
an −I semipotent ring. 

)1()2( ⇒ . Let RM  be a module and ],[ NMI∈α . Suppose 
],[Tot NM∉α  then NE∈=≠ βαβα 2)(0   for some ],[ MN∈β , 

so NKermI =⊕ )()( βαβα . On the other hand, since ],[ NMI∈α  
then )()( NJmI ⊆βα  so )()( NmI Γ∈βα , thus 0)( =βαmI  and 

0=βα  a contradiction. Hence ],[Tot],[ NMNMI ⊆ .  
Let ],[Tot NM∈α  then by Lemma 2.1, )(Tot NE∈βα  for all 

],[ MN∈β . By (2) since NE  is a −I semipotent ring then by lemma 
2.3, )()(Tot NN EIE =  , so )( NEI∈βα  for all ],[ MN∈β  thus, by 
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assumption ],[ NMI∈α . So ],[],[Tot NMINM ⊆ . Thus we have 
],[],[Tot NMINM =  by lemma 2.3 ],[ NM  is −I semipotent for 

any module RodmM −∈ . 
 
Corollary  2.6. The following conditions are equivalent: 
(1)  For any module RodmM −∈  , }0{)( =Γ M  and ],[ NM  is 

−I semipotent  for all RodmN −∈ . 
(2)  For any module RodmN −∈ , }0{)( =Γ N  and ],[ NM  is 

−I semipotent  for all RodmM −∈ . 
 
Proof. )2()1( ⇒ . Let RN  be module. Suppose RodmM −∈ , then 

by (1) }0{)( =Γ M  and ],[ NM  is −I semipotent, and by lemma 2.3 
we have ],[],[Tot NMINM = . So by [3, proposition 5.9 (b)] we 
have  

}],[)(;][:{][ MNallforEIM,NNM,I N ∈∈∈= ββααα  
And NE   is a −I semipotent ring. 

)1()2( ⇒ . Let RM  be module. Suppose RodmN −∈ , then by (2) 
}0{)( =Γ N  and ],[ NM  is −I semipotent, and by lemma 2.3 we have 

],[],[Tot NMINM = . So by [3, proposition 5.9 (b)] we have  
}],[)(;][:{][ MNanyforEIN,MNM,I M ∈∈∈= ββααα  

And ME   is a −I semipotent ring. 
  
Recall that a ring R  is a semipotent ring  [2] if every principal left 

(resp. right) ideal not contained in )(RJ  contains a nonzero 
idempotent element, or equivalently, for any Ra ∈ , )(RJa ∉  there 
exists Rx∈≠0 such that xaxx = .  

A module RN  is called −I module if for every submodule NK ⊆  
such that )(NJK ⊄  there exists a projective direct summand 

NW ⊕⊆≠0  with KW ⊆ . Recall that a module RP  is locally 
projective [5] if  for every submodule PB ⊆ , which is not small in P  
there exists a projective direct summand PW ⊕⊆≠0  with BW ⊆ . 
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In view of definitions −I module, locally projective module implies 

that a module RN  is locally projective if and only if RN  is an 
−I module and NNJ <<)( . Also, we derive the following, 
 
Lemma 2.7. Let RP  be a projective module. The following 

conditions are equivalent: 
(1)  PE  is a semipotent rings. 
(2)  PE  is an −I semipotent rings and PPJ <<)( . 
 
Lemma 2.8. Let RN  be an −I module. The following hold: 
(1)  )()( NN EIEJ ⊆ . 
(2)  If  }0{)( =Γ N  then for any module RodmM −∈ , 

],[Tot],[ NMNMI ⊆ . 
 
Proof. (1). Let )( NEJ∈α , suppose that )( NEI∉α . 

Since )()( NJmI ⊄α there exists a projective direct summand 
NW ⊕⊆≠0  with )(αmIW ⊆ . Let WN →:β  be the projection of 

N  onto W  then NE∈=≠ 20 ββ  and NWmImI ⊕⊆== )()( βαβ . 
Since W  is projective then NKer ⊕⊆)( αβ , by  [6, Lemma 3.1]  
there exists NEg ∈  such that αβαβαβ =)()( g . Thus, 

)()]([)(0 2
NEJgg ∈=≠ αβαβ , a contradiction. So )( NEI∈α . 

(2). Let ],[ NMI∈α , suppose that ],[Tot NM∉α  then there 
exists ],[ MN∈β  such that NE∈=≠ 2)(0 βαβα . Since 

)()( NJmI ⊆α  then )()( NJmI ⊆βα  and NmI ⊕⊆)( βα , so 
}0{)()( =Γ∈ NmI βα  therefore 0=βα , a contradiction. 

 
Theorem 2.9. Let RN  be an −I module with }0{)( =Γ N . The 

following conditions are equivalent: 
(1) NE  is a semipotent ring. 
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(2) )()( NN EIEJ = . 
(3) For every )(\ NN EJE∈α  there exists a projective direct 

summand NW ⊕⊆≠0  such that )(αmIW ⊆ . 
 
Proof. )2()1( ⇒ . Since N  is an −I module then by lemma 2.8 

)()( NN EIEJ ⊆ . Let )( NEI∈α , )( NEJ∉α by assumption there 
exists NE∈β  such that 2)(0 βαβα =≠  NE∈ . So NmI ⊕⊆)( βα  
and )()()( NJmImI ⊆⊆ αβα  thus, )()( NmI Γ∈βα }0{=  therefore 

0=βα , a contradiction  so )( NEJ∈α . 
)3()2( ⇒ . Suppose that )()( NN EIEJ = .  Let )(\ NN EJE∈α  

then )( NEI∉α  and  
)()( NJmI ⊄α , since N  is an −I module )(\ NN EJE∈α  there 

exists a projective direct summand NW ⊕⊆≠0  such that 
)(αmIW ⊆ . 
)1()3( ⇒ . Let )(\ NN EJEg ∈  then there exists a projective direct 

summand NV ⊕⊆≠0  such that )(gmIV ⊆ . Let VN →:π  be the 
projection of N  onto V , then VgmIgmI == )()(π  hence 

)()( gmIVmI ⊆=π . Since V  is projective then NgKer ⊕⊆)(π   by 
[2, Theorem 2.2] follows that NE  is a semipotent ring. 

 
Theorem 2.10. Let RN  be module with }0{)( =Γ N . The following 

conditions are equivalent: 
(1)  The  module RN  is an −I module. 
(2) ],[ NM  is an −I semipotent for all RodmM −∈ . 
(3) ],[],[Tot NMINM =  for all RodmM −∈ . 
 
Proof. )3()1( ⇒ . Let ],[Tot NM∈α , suppose that 

],[ NMI∉α then )()( NJmI ⊄α  by assumption there exists a 
projective direct summand NP ⊕⊆≠0  with )(αmIP ⊆ . By 
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modular law )(αmIP ⊕⊆ . Let PmI →)(: απ  the projection, then 
PM →:απ  is epimorphism. Since P  is projective then 

)( απKerAM ⊕=  for some submodule, MA⊆  and PA→:απ  is 
isomorphism. By [5, Lemma 1.1] there exists ],[ MNg ∈  such that 

MEgg ∈=≠ 2)()(0 απαπ , and by [5, Lemma 1.2] there exists 
],[ MN∈β  such that ME∈=≠ 2)(0 αβαβ , a contradiction. 
)1()3( ⇒ . Let B  be a submodule of N  and )(NJB ⊄ . By [1, 

Theorem 2.3], denote by BP →:λ  a projective extension of B  and 
by NB →:τ  the inclusion. Let NPg →= :λτ  then 

)()( NJBgmI ⊄= , so ],[\],[ NPINPg ∈  by assumption there 
exists ],[ PN∈µ  such that PEgg ∈=≠ 2)(0 µµ , by [5, Lemma 1.1] 
there exists PP ⊕⊆≠ 00  and NN ⊕⊆≠ 00  such that 00: NPg →  is 
isomorphism. Since 0P  is projective then 0N  is projective and 

BgmIPgN =⊆= )()( 00 . Thus, N  is an −I module. )3()2( ⇔  by 
lemma 2.3. 

 
Proposition 2.11. Let RN  be an −I module with }0{)( =Γ N . 

Then for any module RodmM −∈ , the following conditions are 
equivalent: 

(1)   ],[ NM  is semipotent. 
(2)  ],[],[],[Tot NMINMJNM == .  
(3)  For any ],[\],[ NMJNM∈α  there exists ],[ MN∈β  such 

that )(0 βαmI≠  N⊕⊆ . 
 
Proof. )2()1( ⇒ . Since ],[ NM  is semipotent then By [7, Theorem 

2.2] =],[Tot NM  ],[ NMJ  and by theorem 2.10 we have 
],[],[Tot NMINM =  hence, RN  is an −I  module. 

)1()2( ⇒ . By theorem 2.10 and [7, Theorem 2.2]. 
)3()2( ⇒ . Let ],[\],[ NMJNM∈α  then ],[Tot NM∉α  so there 

exists ],[ MN∈β  such that NE∈=≠ 2)(0 βαβα  thus NmI ⊕⊆)( βα . 
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)2()3( ⇒ . Since RN  is an −I module then by theorem 2.10, 
],[],[Tot NMINM =  for every  module RodmM −∈ . On the other 

hand, we have ],[Tot],[ NMNMJ ⊆ . Let ],[Tot NM∈α , suppose 
],[ NMJ∉α  by assumption there exists ],[ MN∈β  such that 

)(0 βαmI≠ N⊕⊆ . Since ],[Tot NM∈α  then ],[ NMI∈α  and 
⊆)(αmI  )(NJ , thus )()( NmI Γ∈βα  hence )()( αβα mImI ⊆ , 

which follows that 0=βα  a contradiction. 
  
Corollary 2.12. Let RN  be module with }0{)( =Γ N . The following 

conditions are equivalent: 
(1)  The  module RN  is an −I module. 
(2) ],[],[Tot NMINM =  for all RodmM −∈ . 
(3) ],[],[Tot MNIMN =  for all RodmM −∈ . 
(4) ],[ MN  is an −I semipotent for all RodmM −∈ . 
(5) ],[ NM  is an −I semipotent for all RodmM −∈ . 
(6) NE  is an −I semipotent ring and for any module RodmM −∈ , 

}],[)(;][:{][ MNanyforEIN,MNM,I N ∈∈∈= ββααα  
 
Proof. )5()2()1( ⇔⇔  by theorem 2.10. )3()2( ⇔  by corollary 

2.6. and )4()3( ⇔  by lemma 2.3. )6()2( ⇔  by lemma 2.3 and 
proposition 2.5. 
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