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Abstract 

  

Let R be a ring with identity.  
The ain is to study some fundamental properties of a ring R when R is regular 

or semi-potent and the radical Jacobson of R when R  is semi-potent. 
 New results were obtained including necessary and sufficient conditions of R 

to be regular or semi-potent. New substructures of R are studied and their  
relationship with the total of R.  
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  الجامدة وشبه المنتظمة الحلقات
  

  )1(حمزة حاكمي
 21/10/2013 الإيداع تاريخ

  04/05/2014 في للنشر قبل

  الملخص
  

  .حديةوا حلقة  Rلتكن
 الحلقـة  تكـون  عنـدما  R للحلقـة  الأساسـية  الخـواص  بعـض  دراسة هو الورقة هذه من الهدف

R للحلقـة  جاكبـسون  أسـاس  ودراسـة ،  جامدة شبه أو منتظمة R  الحلقـة  تكـون  عنـدما R  شـبه 
  .جامدة
 الحلقـة  تكـون  كـي  والكافيـة  اللازمـة  الـشروط  مـن  عدداً تتضمن جديدة نتائج على الحصول تم

R رستْ. جامدة شبه وأ منتظمةالحلقـة  فـي  جديـدة  جزئيـة  بنى ود R  ًعلاقـة  دراسـة  عـن  فـضلا 
  .Rللحلقة بالتوتال الجزئية البنى هذه
  

 ،التوتـال  جاكبسون، أساس الجامدة، شبه الحلقة، المنتظمة الحلقة :ةالمفتاحي الكلمات
  .العادم

  
  
  
  

  .16D50:  ثانياً.16E70, 16E50: أولاً:  2010رقم التصنيف الرياضياتي العالمي 
 

  
 .سورية ،دمشق جامعة ،العلوم كلية ،الرياضيات قسم  أستاذ،)1(
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1. Introduction 
In this paper rings R , are associative with identity unless 

otherwise indicated. All modules over a ring R are unitary right 
modules. We write )(RJ  and )(RU  for the Jacobson radical and the 
group of units of a ring R . For any element a  of a ring R , we write 

)(ar  and )(al  the right, respectively left, annihilator of a  in R . 
 
2. Regular Rings. 
We start with the following fundamental lemma which gives 

information about relationship between any two elements of a 
ring R . 

 
Lemma 2.1. Let R  be a ring and Rba ∈, . The following hold: 

)1(   RabaRR )1( −+= . 
)2(   RabaRRabaa )1()( −∩=− . 
)3(   }0{)1()( =−∩ barar . 
)4(   )1()()( bararabaar −+=− . 

)4( i+   the left-right symmetry of )(i , .4,3,2,1=i . 
 
Proof. )1(  It is clear, hence RRabaRRababRR ⊆−+⊆−+= )1()1( . 

)2(  It is clear that aRRbaaRabaa ⊆−=− )1()(  and 
⊆−=− aRabRabaa )1()( Rab)1( − , so 

RabaRRabaa )1()( −∩⊆− .  
Let RabaRx )1( −∩∈ . Then 21 )1( rabarx −==  where Rrr ∈21 ,   

and that 
)( 212122 brraabrarabrxr +=+=+= . 

For                Rbrrr ∈+= 210  
Rabaarabaaarabrabx )()()1()1( 002 −∈−=−=−= . 
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So RabaaRabaR )()1( −⊆−∩   and RabaaRabaR )()1( −=−∩ .  

)3(  Let )1()( bararx −∩∈ . Then 0)1( =−= xbaax  and that 
0== baxx . 

)4(  It is clear that )()1()( abaarbarar −⊆−+ , hence if 
)(arx∈ ; 0=ax  and 0)( =− xabaa . Also, if )1( bary −∈ ; 

0)1( =− yba  and 0)( =− yabaa .  
Let )( abaarz −∈ . Then 0)( =− zabaa  and that abazaz = . On 

the other hand, zbabazz )1( −+=  and )1( barbaz −∈ , 
)()1( arzba ∈− ,  hence 

0)1( =−=−=− bazbazbabazbazbazba  
0)()1( =−=− zabaazbaa , so )1()()( bararabaar −+⊆− . 

 
Definition: An element a  of a ring R  is called  regular [1], if 

abaa =  for some Rb ∈ . The next Lemma gives information 
about Ra ∈ , when a  is regular. 

 
Lemma 2.2. Let R  be a ring and Ra ∈ . The following are 
equivalent: 

)1(    There exists Rb ∈  such that abaa = . 
)2(   There exists Rb ∈  such that }0{)1( =−∩ RabaR . 
)3(    There exists Rb ∈ b such that Rbarar =−+ )1()( . 

)3( i+   The left-right symmetry of  )1( i+  for 2,1=i . 
 
Proof. )2()1( ⇒ . Suppose )1(  holds. Let RabaRx )1( −∩∈ .  Then 

21 )1( rabarx −==  
 Where Rrr ∈21 , . So  

0212122 )( arbrraabrarabrxr =+=+=+=  



Damascus University Journal for BASIC SCIENCES Vol. 31, No1, 2015  

 17

Where 210 brrr += .  
Thus 0)1()1( 000002 =−=−=−=−= ararabarararabrabx . 
 By assumption. giving (2). 

)3()2( ⇒ . Suppose )2(  holds. By Lemma 2.1, 
}0{)1()( =−∩=− RabaRRabaa . Thus,  

0=− abaa  and )1()()()0( bararabaarrR −+=−==  by Lemma 
2.1. 

)1()3( ⇒ . Suppose )3(  holds. By Lemma 2.1, 
 Rbararabaar =−+=− )1()()( , so )(1 abaar −∈  and that 0=− abaa .  

 
Definition: A ring R  is called regular [4], if and only if for any 

Ra ∈ , a  is regular. The following Lemma describe the principal 
left and right ideals of a ring R  when R  is regular. 
 
Lemma 2.3.  Let R  be a regular ring and Rba ∈, . The 
following hold: 

)1(   }.:{ aRxRRxaR ⊆∈=  
)2(   RbRa ⊆  if and only if )()( arbr ⊆ . 
)3(   RbRa =  if and only if )()( arbr = . 
)4(   )}.()(:{ aryrRyRa ⊆∈=  

Proof. )1(  it is clear. )2(  )(⇒  obvious. 
)(⇐ . Suppose that )()( arbr ⊆ . Since R  is regular there exists 
Rd ∈  such that bdbb = . For dbe = ; )()( brer =  and that 

)()(1 arbre ⊆∈− . Thus, 0)1( =− ea  and Radbaea ∈== . )3( and 
)4(  are obvious by )2( . 
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3. Semipotent Rings. 

Definition: An element a  of a ring R  is called partially 
invertible or pi for short [2], if a  is a divisor of an idempotent 
element. The next Lemma gives information about Ra ∈ , when a  
is a divisor of an idempotent. 
 
Lemma 3.1. Let R  be a ring and Ra ∈ . The following are 
equivalent: 

)1(  There exists Rb ∈≠0  such that babb = . 
)2(  There exists Rb ∈≠0  such that abab =2)( . 
)3(  There exists Rb ∈≠0  such that baba =2)( . 
)4(  There exists Rb ∈≠0  such that }0{)1( =−∩ RbabR . 
)5(  There exists Rb ∈≠0  such that Rabrbr =−+ )1()( . 

)5( i+  The left-right symmetry of )3( i+  for 2,1=i . 
 

Proof. )2()1( ⇒ .  Suppose )1(  holds. Then abab =2)(  gives )2( . 
)1()2( ⇒ . Suppose )2(  holds. Then for babd = ; dadd =  gives 

)1( . Similarly, the equivalence )3()1( ⇔  holds. 
)4()1( ⇒ . Suppose that babb =  for some Rb ∈≠0 . Then by 

Lemma 2.1(2) }0{)1( =−∩ RbabR . 
)5()4( ⇒ . Suppose that }0{)1( =−∩ RbabR  for some Rb ∈≠0 . 

Then by Lemma 2.1(2); babb =  and  by Lemma 2.1; 
Rabrbr =−+ )1()( . 

)1()5( ⇒ . Suppose Rabrbr =−+ )1()(  for some Rb ∈≠0 . Then 
by Lemma 2.1; Rbabbr =− )( . Since )(1 babbrR −=∈  implies 

0=− babb . 
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Lemma 3.2. Let R  be a ring and Rba ∈, . The following hold: 

)1(   RRab =− )1(  if and only if  RRba =− )1( . 
)2(   }0{)1( =− abr  if and only if  }0{)1( =− bar . 
)3(    )(1 RUab ∈−  if and only if  )(1 RUba ∈− . 

 
Proof. )1( )(⇒ . Suppose that RRab =− )1( . Then by Lemma 2.1,  

bRRabbRbabbRbabR =−=−=−∩ )1()()1(  
 so RbabR )1( −⊆  and that RbaR )1( −= . Similarly )(⇐   holds. 

)2( )(⇒ . Suppose that }0{)1( =− abr . Let )1( barx −∈ . Then 
0)1( =− xba , so 0)( =− xabaa  and that 0)1( =− axab . Thus, 

}0{)1( =−∈ abrax , so 0=ax  and )(arx∈ . This shows That 
)()1( arbar ⊆−  and that }0{)1()()1( =−∩=− bararbar .  

Similarly )(⇐   holds. 
)3(  by )1(  and )2( . 

 
Definition: A non-empty subset B of  a ring  R  be a ring is 
called semi-ideal in R [2], if  for any BbRa ∈∈ , , then Bbaab ∈, . 

 
Definition: Let R  be a ring. Write : 

})1(:{)(1 RballforRRabRaR ∈=−∈=∇  
})1(:{)(2 RballforRRbaRaR ∈=−∈=∇  

 
It is clear that )(1 R∇  and )(2 R∇  are non-empty subsets in 

R ( )(0 1 R∇∈ , )(0 2 R∇∈ ). Using Lemma 3.2(1), it is easy to see 
that )()( 21 RR ∇=∇ . Therefore, we use the notation: 
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})1(:{
})1(:{)(ˆ

RballforRRbaRa
RballforRRabRaR

∈=−∈=
∈=−∈=∇  

 

)(ˆ R∇  is a semi-ideal in R , which means that it is closed under 
arbitrary multiplication from either side, hence if )(ˆ Ra ∇∈  and 

Rd ∈ ;  
RRabdRdab =−=− ))(1())(1(  

for all Rb ∈  and  
RRdbaRbad =−=− ))(1())(1(  

for all  Rb ∈ . Thus, )(ˆ, Rdaad ∇∈ . 
 

Let R  be a ring. Write : 
}}0{)1(:{)(1 RballforabrRaR ∈=−∈=∆  
}}0{)1(:{)(2 RballforbarRaR ∈=−∈=∆  

 
It is clear that )(1 R∆  and )(2 R∆  are non-empty subsets in R  
( )(0 1 R∆∈ , )(0 2 R∆∈ ). Using Lemma 3.2(2), it is easy to see that 

)()( 21 RR ∆=∆ . Therefore, we use the notation: 
 

}}0{)1(:{
}}0{)1(:{)(ˆ

RballforbarRa
RballforabrRaR

∈=−∈=
∈=−∈=∆  

 

)(ˆ R∆  is a semi-ideal in R , which means that it is closed under 
arbitrary multiplication from either side, hence if )(ˆ Ra ∆∈  and 

Rd ∈ ; 
}0{))(1())(1( =−=− abdrdabr  

for all Rb ∈  and 
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}0{))(1())(1( =−=− dbarbadr  
for all Rb ∈ . Thus, )(ˆ, Rdaad ∆∈ . 
 

Following [2], }pinot  is:{)(Tot aRaR ∈= . 
 

Lemma 3.3.  For any ring R . The following hold: 
)1(   )(ˆ)(ˆ)( RRRJ ∆∩∇⊆ . 
)2(  )(Tot )(ˆ)(ˆ RRR ⊆∆∪∇ . 
)3(  )(Tot )( RRJ ⊆ . 

 
Proof. )1( . Let )(RJa ∈ . Then for every Rb ∈ ; )(, RJabba ∈ , so 
there exists Rdc ∈,  such that 1)1( =− bad  and 1)1( =− cab . Thus, 

}0{)1( =− bar  and that RabR )1( −= . This shows that 
)(ˆ)(ˆ RRa ∆∩∇∈ . 

)2(  Let )(ˆ Ra ∇∈ . Then RRab =− )1(  for all Rb ∈ . Suppose that 
)(Tot Ra ∉ , then there exists Rd ∈  such that Radad ∈=≠ 2)(0 . 

Thus, RRadadr =−= )1()(  
and 0=ad  a contradiction. 
Let )(ˆ Ra ∆∈ . Then }0{)1( =− bar  for all Rb ∈ . 
If )(Tot Ra ∉  then there exists Rd ∈  such that 

Rdada ∈=≠ 2)(0 . So }0{)1( =−∈ darda  a contradiction.  
)3(  by )1(  and )2( . 

 
Recall that a ring R  is a semipotent  ring by Zhou [5], 

also called an −0I ring  by Nicholson [3], if every principal left 
(resp. right) ideal is not contained in )(RJ  contains a nonzero 
idempotent. 
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Lemma 3.4.  Let R  be a semipotent ring. The following hold: 

)1(   )(ˆ)( RRJ ∇= . 
)2(   )(ˆ)( RRJ ∆= . 
)3(   )(ˆ)(ˆ RR ∆=∇ . 

 

Proof. )1( . It is clear that )(ˆ)( RRJ ∇⊆  by Lemma 3.3. Let 
)(ˆ Ra ∇∈ . Then RRad =− )1(  for all Rd ∈ . If )(RJa ∉  then there 

exists Rb ∈  such that babb =≠0 , so Rabab ∈=≠ 2)(0  and 
RRababr =−= )1()( . So 0=ab  a contradiction. Thus, )(RJa ∈ . 

)2( . It is clear that )(ˆ)( RRJ ∆⊆  by Lemma 3.3. Let )(ˆ Ra ∆∈ . 
Then }0{)1( =− dar  for all Rd ∈ . If )(RJa ∉  then there exists 

Rb ∈  such that babb =≠0 , so Rbaba ∈=≠ 2)(0  and that 
}0{)1( =−= barbaR . So 0=ba  a contradiction. Thus, )(RJa ∈ . 

)3(  by )1(  and )2( . 
 
Corollary 3.5.  Let R  be a semipotent ring and Ra ∈ . The 
following hold: 

)1(   )(RJa ∈  if and only if  RRab =− )1(  for all Rb ∈ , if and 
only if }0{)1( =− bar  for all Rb ∈ . 

)2(   )(RJa ∈  if and only if  RRba =− )1(  for all Rb ∈ , if and 
only if }0{)1( =− abr  for all Rb ∈ . 
 
Proof  by Lemma 3.4. 
 
Theorem 3.6. )1( . For any ring R  the following are equivalent: 

)(i   )()(ˆ RJR ⊆∇ . 
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)(ii   For every Ra ∈  with )(ˆ1 Ra ∇∈− ; }0{)( =ar . 
)2( . For any ring R  the following are equivalent: 
)(i   )()(ˆ RJR ⊆∆ . 
)(ii  For every Ra ∈  with )(ˆ1 Ra ∆∈− ; RaR = . 

 

Proof. )1( )()( iii ⇒ . Let Ra ∈ , with )(ˆ1 Ra ∇∈− . By assumption 
)(1 RJa ∈− , so 

)()1(1 RUaa ∈−−= . Thus, }0{)( =ar . 
)()( iii ⇒ . Let )(ˆ Ra ∇∈ . Then RRab =− )1(  for all Rb ∈ . Also, 

for all Rc ∈ ; RRbcaRcab =−=− ))(1())(1( ,  hence )(ˆ Ra ∇∈ . 
Thus, )(ˆ)1(1 Rabab ∇∈−−=  by assumption }0{)1( =− abr , so 

)(1 RUab ∈−  for all Rb ∈  and that )(RJa ∈ . 
)2( )()( iii ⇒ . Let Ra ∈ , with )(ˆ1 Ra ∆∈− . By assumption 

)(1 RJa ∈− , so )()1(1 RUaa ∈−−= . Thus, RaR = . 
)()( iii ⇒ . Let )(ˆ Ra ∆∈ . Then }0{)1( =− abr  for all Rb ∈ . Also, 

for all Rc ∈ ; 
}0{))(1())(1( =−=− bcarcabr , hence )(ˆ Ra ∆∈ . Thus, )(ˆ)1(1 Rabab ∆∈−−=  

by assumption RRab =− )1( , so )(1 RUab ∈−  for all Rb ∈  and 
that )(RJb ∈ . 
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