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ABSTRACT

In this paper we are presenting a new method for studying the semigroups
of order three and four. We are going to explore these semigroups and
illustrate a better description of them while observing their enormous
increasing in number for larger orders.

We are presenting the methods we wrote and followed during our study of
associativity and during the classification process.
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Tablel
Order Number of Groups Number
(Upto of Semigroups
N : : ;
isomor phism) (Up to equivalence)
1 1 1
2 1 4
3 1 18
4 2 126 [Forsythe 1955]"
[Motzkin, Selfridge
5 1 1,160 1955]14
6 2 15,973 [Plemmons 1966]"
7 1 836,021 [Jiirgensen, Wick 1976]"
[Satoh, Yama, Tokizawa
8 5 1,843,120,128 1094]17
9 2 52,989,400,714,478 [Distler 2009]"®
[Distler, Jefferson,
10 2 12,418,001,077,381,302,684 . eisey, Kotthoff 2012]"9
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X; P 1
k) g el ALy ¢ ket 4l A pgy 2nid
index™* :[n]—= 5§
L X
ol LS s g 8 [n] e m
1 [n] X [n] — [n]
G rixj

3
i  j = index(index™* (i) - index™*(j)) = index(x; - x;)
Ol BN e B ge ) il [1] e Jaad ® () anid
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Algorithm 1-check a multiplication table represented by a matrix A defined on the
set §=[n]={1,2,...,n} if it defines a semigroup or not using Brute-Force method

Input: amatrix A that represents the multiplication table defined on S

Output: true if A defines a semigroup, falseif it doesn’t

1. t <« true (£ isaboolean variable refers to the statues of the multiplication table
whether it defines a semigroup or not)

Outer :
for each g € {1,2,...,n} do
for each p € {1,2,...,n} do

for each ¢ € {1,2,...,n}do
if not (T(4,a,b,c) then (T isafunction to test association property)

t «—fase
break Outer
end if
10: end for
11: endfor
12: end for
13: returnt

14: Function 7 (A4,i,j,k) (1] K

15:  Return A[A[i1[j1])[ k] = A[i1[A[j1[k]] (reumn (ij)k =i(jk))
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" ey cuad’ Caall Y A6 ) all Uil o gl Cagal) 138 o) aY
boolean has_zero();
boolean has_identity();
int number_of_elements_in_Matrix();
Wl Si ) ca s OIS Ja LAY LS A el b Led o) s
o—alic 22 o bl flola | aie @l S5y ) Caal G Ja 5 fL jha | jaie
S5 30 cuall LS Jsia o de sene

Algorithm 2 - has zero() function
Determine whether a semigroup (5 ) *-) has a zero or not

Input: asemigroup S

Output: trueif S has a zero element, false if it doesn’t have

1: for each | € §do

2 counter «< 0
3 for each | € Sdo
4: it (Ci*j=i)and(j+i=i))then
5: counter « counter + 1
6: end if
7 end for
8: if {: counter = ]S] ) then
9 return e
10: end if
11: end for

12: return false
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Algorithm 3 - has _identity () function Determine whether a semigroup (§,+) has
an identity or not

Input: asemigroup S

Output: trueif S has an identity element, falseif it doesn't have

I foreachi € Sdo

2: counter « 0

3 for each jES do

4; if ((i+j=j)and(j+i=j))then
5 counter « counter + 1
6: end if

7 end for

8: if ( counter = |§|) then

9 return tyye

10: end if

11: end for

12:  return fﬂ lse

Algorithm 4-number_of_elements in_Matrix ( ) function
Determine the number of elements in the set of the multiplication table values of a
semigroup S

Input: asemigroup S

Output: an integer value represents the number of elements in the set of the
multiplication table values of S

1 counter « 0

2 BooleanS « [ ] (‘an array of boolean values of length IS )
3 foreachi € Sdo

4 for each j € Sdo

5: BooleanS[i*j] = true

6: end for

7 end for

8: for ke {1,2,.... 151}

o if ( BooleanS[ k] = true)then
10: counter < counter + 1
11: end if

12:  end for

13:  return counter
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Algorithm 5 - checking isomor phic
check if two semigroups, whose multiplication tables represented by two matrices
A, B, definedontheset [n] = {1,2,..., n}, areisomorphic or not

Input: two matrices 4, B that represent the multiplication tables of the two
semigroups that defined on [1

Output: trueif the two semigroups are isomorphic, falseif they aren’t

L for each fi €S, do (whered,, isthe symmetric group)

2: Ouiter :
3. foreach i € {1,2,...,n}do
4; for each j € {1,2,...,n} do
5 it £ CALI D = Blfi (DI[f, ()] then
where * the opérétioh defired on A,
the operation defined on &
6: 5«10
7 break Outer
8: else
9 s« 5 +1
10: end if
11 end for
12: end for
13: if (s = rﬁjthen ("-‘ |sthe number of equal|t|es_of the form
' that ;. should verify
in order to sat|sfy the homomorph|sm condition)
14: return true
15: end if
16: endfor

17 return fa[se

e i Ll (piBlie (4 s lhea OIS Ja ias ) (5 A1 4y ) sl

Y Ayl Aaaily 5l 6 Ak ) Aagledl) Jlaginds Aadll G ) 530
if £ (AL = Blfi (IS (1)) then

index3 (index4) deaid)l yabiall jai Lallas ABLadl e 30 Giladl paadl oY)
VY WEPRCNIE [ 1B P EER I WUV i PV g O [RE LS P NS
Jo Lo Jlal A& sall ZaaDU 5 e 3l Cauai clS 13 (Ll Ll A8 ALY yai 1-1
Lol ,;'\mmp‘g.um@)p,fﬂ Jalall 481 gal 5 pa 3l Cha ae Lallas Al
Jo = @8 sl g sl b index3 (indexd) deaiall Y O
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el Calad Ay 8 Al e 3l Ciliad Cagia
(a2 adl e g sl e Uiy index3 (indexd) uabins 5 a0 5 50 a3 V)
number_of_elements_in_Matrix , has_identity () 5 has_zero( )J) sl axdius
Semigroups3 3 —e 3 a0 JS g 5 aal s WlEe 1 ()
LJsall oda aams Al 46l s 5 (Semigroups4)
Gla i 22 o aaiw dindexd s index3 (igaial Liasd 13 ol ghaall o3 day
i o Lalije gl aal als e Cuad JS of BaaMig g 53 S (e el
) e g gl e diiie pe) Cibal 6l asa aae Gl Laadl
el da gyl @ gladlls o iy (53 . Java dse ) Aaky ol (53 iy
Tabled s Table3 ol saall 3 leadis 3l A5Y) i) Ullac]
[ Semigroups3 | [ SemigroupsA |

Anti-lIsomor phic & not Anti- Anti-lsomor phic & not Anti-Isomor phic
I somor phic Semigroups Semigroups
Non-Determined semigroups 0 Non-Determined semigroups 0
Anti-lsomorphic semigroups 25 Anti-lsomorphic semigroups 1113
Not Anti-lsomorphic semigroups |88 Not Anti-lsomorphic semigroups  [2379
Total number of semigroups 113| [Tota number of semigroups 3492
Thenumber of semigroups of each type Thenumber of semigroupsof each type
Anti-lsomorphic semigroups 25| |Anti-lsomorphic semigroups 1113
Semigroups with both zero and 18| |Semigroups with both zero and 264
identity identity
Semigroups with identity but 12| |Semigroups with identity but without | 236
without zero Zero
Semigroups with zero but without | 33| |Semigroups with zero but without 1068
identity identity
Semigroups without zero & without| 18 | [Semigroups without zero & without | 72
identity (two elementsin the identity (two elementsin the
multiplication table) multiplication table)
Semigroups without zero & without| 7 Semigroups without zero & without | 324
identity (three elementsin the identity (three elementsin the
multiplication table) multiplication table)
Total number of semigroups 113 [Semigroups without zero & without | 415
Table 3 identity (four elementsin the
multiplication table)
Total number of semigroups 3492
Table4
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Algorithm 6 - search_for_iso
search for isomorphic semigroups in an array of semigroups

Input: an array X of semigroups

Output: an array of indices that represent the isomorphic semigroups
where each number represent one class

1: Index < [—1,—1,...,—1 ] (anarray of integer values of length | X|)

2:n class« ()
5 foreachi e {1,2,..,]X|}do

if Index[i] < 0then

4
5 n class < n _class+1
6: index[i] < n_class
7 foreachj e {i +1,i + 2, ...,|X|}do
8 if(X[i]l= X[j])then
(we use checking isomorphic function that we'd defined)
9 Index [ j] « n_class
10: end if
11: end for
12- end if
13 end for

14: return Index

) Ciliad Cilgatia (e dgaie JS e search for_iso Al sda lexiulyg
0 IS (A il ne miui g g S (e
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Table5
[ semigowps ]
Type #semigroups | #classes
Semigroups3_Antilsomorphic 25 6
Semigroups3_with_zero_with_identity 18 3
Semigroups3_with_identity without_zero 12 3
Semigroups3_with zero without_identity 33 7
Semigroups3_without _zero without_identity 2 18 3
Semigroups3_without _zero without_identity 3 7 2
Tota (including the anti-semigroups) 113 24
Tota (excluding the anti-semigroups) 88 18
Table6
Type semigroups# | classest#
Semigroups4_Antil somorphic 1113 62
Semigroups4_with zero with identity 264 13
Semigroups4 with identity without zero 236 14
Semigroups4 with zero without_identity 1068 54
Semigroups4 without zero without identity 2 72 5
Semigroups4 without zero without identity 3 324 15
Semigroups4 without zero without identity 4 415 25
Total (including the anti-semigroups) 3492 188
Total (excluding the anti-semigroups) 2379 126
Table7
Semigroups3 Semigroups4
Total semigroups: 113 semigroups. [Total semigroups: 3492 semigroups.
Total Types: 6 types. Total Types: 7 types.
Total Classes (up to isomorphism): 24 classes.[Total Classes (up to isomorphism): 188 classes.
Total Classes (up to equivalence): 18 classes. [Tota Classes (up to equivalence): 126 classes

Lea Al g 55 0 Ge el Galial (e ALK Al e g DU (Say LS
Lagliant V) cpalall (ol jmiad DA (e Ll
Semigroups3.pdf [http://goo.gl/P36Y hY]
Semigroups4.pdf [http://goo.gl/QGSuY M]
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