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ABSTRACT 
In this paper we study some classes of partially pseudo symmetric contact 

three-manifolds . 
In sections 13−  and 23−  we find necessary and sufficient conditions for 

a contact metric three-manifolds to be partially pseudo symmetric of the  first 
and second type respectively . In section 53−  we find a necessary and 
sufficient conditions for a partially pseudo symmetric of the first type contact 
metric three-manifolds with constant ξ -sectional  curvature to be pseudo 
symmetric. In section 63−  we find a sufficient condition for a contact metric 
three-manifolds 3M  with 0=∇ τξ  to be pseudo symmetric. 

Finally in section 73−  we find a necessary and sufficient condition for a 
contact metric 3-manifold with   QQ ϕϕ =  to be pseudo symmetric. 
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Abou Akl - On Partially Pseudo Symmetric Contact Metric Three-Manifolds 

 18 

  

  التلامسية ثلاثية الأبعاد دراسة حول المنطويات المترية

   شبه المتناظرة جزئياً
  

  سمير أبو عقل
   سورية- جامعة دمشق – كلية الهندسة المدنية –م العلوم الأساسية قس

 16/01/2008تاريـخ الإيداع 

  15/07/2008 قبل للنشـر في

  
  الملخص

يتضمن هذا البحث دراسة بعض صنوف المنطويات المترية التلامسية ثلاثية الأبعاد  شبه المتنـاظرة               

ما شـبه متنـاظر       متري تلامسي ثلاثي   ة حتى يكون منطو   وطاً لازمة وكافي  وجدتُ في البداية شر   . جزئياً

لمترية التلامسية ثلاثيـة    عرضت بعد ذلك ثلاثة صنوف من المنطويات ا       . جزئياً من النمط الأول أو الثاني     

  :الأبعاد

)(. المنطويات المترية التلامسية شبه المتناظرة جزئياً من الـنمط الأول            –آ   constL  والتـي   =

).( ثابتاً   ξ−قوسها المقطعي يكون ت  Lconst ≠=κ .        وقد وجدت أن الشرط اللازم والكافي حتـى

   .κ=0تكون هذه المنطويات شبه متناظرة من النمط الثابت هو 

∇=0 المنطويات المترية التلامسية التي تحقـق        –ب   τξ نـه إذا حققـت الـشروط    ، وبينـت أ :

012 =−− Lλ و L=const ≠0)   1ومنه≠λ (0و=A 0 أو=B   

   .Lفإن المنطويات تكون شبه متناظرة من النمط الثابت 

QQ المنطويات المترية التلامسية التي تحقق       -جـ   ϕϕ  وقد وجـدت أن الـشرط الـلازم         ،=

012)1( هو L≠0والكافي حتى تكون شبه متناظرة من النمط الثابت  ≠=−− λλ L.   

  .المنطويات التلامسية الثلاثية شبه المتناظرة جزئياً :الكلمات المفتاحية

 



Damascus University Journal for BASIC SCIENCES Vol. 24, No 2, 2008 

 19 

−1 Introduction 
A Riemannian manifold ),( gM  is called pseudo symmetric if its 

curvature tensor R satisfies the condition [1] 
( ) )],,)()[(),,(),()1( WVURYXLWVURYXR οο Λ=  

for all vector fields WVUYX ,,,,  on M , where )(MCL ∞∈   and 
ZZZYXR YXYX ],[),( ],[ ∇∇−∇=  

( ) ( )−= WVURYXRWVURYXR ),(),(),,(),()2( ο  
( ) ( ) ( )WYXRVURWVYXRURWVUYXRR ),(),(),(,,),( −−−  

YZXgXZYgZYX ),(),()()3( −=Λ  
( ) ( )−Λ=Λ WVURYXWVURYX ),()(),,()()4( ο

( ) ( ) ( )( )WYXVURWVYXURWVUYXR )(,)(,,)( Λ−Λ−Λ−  
When L is constant, M is called a pseudo symmetric manifold of 

constant type . 
If  M is a contact metric manifold and (1) is satisfied only by 

certain special vector fields  e.g.  
ξ=== WUYI )(  

ξ==UYII )(  
ξ=YIII )(  

then M is called partially pseudo symmetric contact metric 
manifold of the first type, of the second type or of the third type 
respectively . 

Binh, T.Q; et al., and others in [1] have studied some types of 
partially pseudo symmetric k-contact Riemannian manifolds . 

In this paper we study some classes of partially pseudo symmetric 
contact three-manifolds . 

 
−2  Preliminaries [5] 

A contact metric manifold is a )12( +n -dimensional differentiable 
manifold 12 +nM  which carries a global differential 1-form η  such that 

0)( ≠Λ ndηη every where on 12 +nM . Every contact metric manifold 
has an underlying contact Riemannian structure ),,,( gηξϕ , where ξ  
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is a global vector field (called the characteristic vector field or Reeb  
vector field), ϕ  a global tensor field of type )1,1(  and g a Riemannian 
metric (called associated metric) . 

These structure tensors satisfy  
1)( =ξη , ξηϕ ⊗+−= I2 , ),()( XgX ξη =  

),(),( YXgYXd ϕη = , )()(),(),( YXYXgYXg ηηϕϕ −=  
0),( =Xd ξη  

Denoting by ℒ the Lie derivation, we define the tensor field       

2
1

=h ℒ ϕξ , which plays a fundamental role. h is symmetric , 

anticommuts with )0( =+ hh ϕϕϕ  and 0=ξh . Also h vanishes if 
and only if ξ  is killing. When ξ  is killing (ℒ 0=gξ ), the contact 
metric structure is said to be K-contact . If   f  is a real function and the 
almost complex structure  J  on RM n ×+12  defined by : 

))(,(),(
dt
dYfY

dt
dfYJ ηξϕ −=  

is integrable, then the structure  is said to be normal and the 
manifold is called Sasakian. A Sasakian manifold is a K-contact 
manifold . The converse is true only for dimension 3. 

Let now ),,,,( 3 ϕξη gM be a three-dimensional contact metric 
manifold. Let  U  be the open subset of 3M  where 0≠h  and  V  the 
open  subset of  points  3MP∈  such that 0=h   in a neighborhood of  
P. For any point VUm Υ∈  there exists a local orthonormal basis 

},,{ ee ϕξ  of  smooth eigen vectors of h  in a neighborhood of  m  .On  
U  we put : 

ehe λ= , eeh λϕϕ −=  
where λ  is a non-vanishing smooth function which we suppose to 

be positive. 
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12 −  PROPOSITION [3] 
On  U we have : 

eaeeae =∇−=∇=∇ ϕϕξ ξξξ ,,0  
eeeee eee µξλϕµϕλξ ++=∇−=∇+−=∇ )1(,,)1()5(  
eeeee eee σϕσϕξλλξ ϕϕϕ −=∇++=∇−−=∇ ,)1(,)1(
sahh )(2 λξϕξ +=∇  

 
[ ] [ ] eaABeaBAQ ϕξξξλλξξξ −+++−=∇ )()()(4)(  
[ ] ++++=∇ ξµλξλ BAeeQe )()1()()(  

[ ] ++++ eae )(2)2( λµξλα  
[ ] eAaeae ϕλλϕλξ )12())((2)()6( −−+++  

[ ] ++−+=∇ ξσλξλϕϕϕ ABeeQe )()1())(()(  
[ ] +−−+−+ eBaeae )21()(2)()( λλλξϕ  

[ ] eae ϕλσξλαϕ )(2)2)(( +−+  
 

ebeeR ϕλξξξ )(),( +−=  edBeeeR ϕξϕ +=),(  
eceeR ϕλξξϕξ −= )(),(  eBeeR +−= ξλξϕξ )(),(  

eAeBeeR ϕξϕ +−=),()7(  eAceeR −= ξϕϕξ ),(  
eBbeeR ϕξξ −=),(   edAeeeR −−= ξϕϕ ),(  

eAeeR ϕξλξϕξ +−= )(),(  
where  a  is a smooth function , 

[ ]Ae +−= ))((
2
1 λϕ
λ

µ  , [ ]Be +−= )(
2
1 λ
λ

σ  

)()()1(),( aeaeA ϕσξλµξρ −−−−==  
)()()1(),( aeaeB +−−−== µξλσϕξρ  

21
2

λα +−=
r

, λλ ab 212 −−=  

λλ ac 212 +−= , 22
2

2 −+= λrd  
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)])(()(21[2 222 µϕσσµλ eear −−−−−−=  
s is the )1,1( -tensor defined by : 

0=ξs , ese =  , ees ϕϕ −=  and ρ  , Q , r are the Ricci tensor , 
the corresponding Ricci operator and the scalar curvature respectively  

−3  Partially pseudo symmetric contact  
metric 3-manifolds 

13−  THEOREM 
 Let 3M  be a contact metric three-manifold. Then 3M  is 

partially pseudo symmetric of  the first type ( .constL = ) if and only if  
)(])21[()8( 2 λξλλ BLaA =−−−  
)(])21[()9( 2 λξλλ ALaB =−+−  

Proof 
Let  

( ) ( ) )],,()([),,(),()10( ξξξξξξ YRXLYRXR οο Λ=  
for all vector fields  X  and  Y on 3M  . Taking eX =  and eY ϕ=  

and using (2)  ,  (3) , (4) and (7) we obtain : 
( ) ( )−= ξϕξξξϕξξ ),(),(),,(),( eReReReR ο  

( ) ( ) ( )ξξϕξξϕξξξϕξξ ),(),(),(,,),( eReReeRReeRR −−−  
−−−−= ξϕϕλξϕλξξ ),)(())()(,( eebeReceeR  

( ) ( ) ))((,))(,( ebeeReBR ϕλξϕξξξλξξ −−−−  
++−−−−+−= )())(())(( eABebBeceBb ϕξλξϕξλξ  

( ) )])(())(([)( AeceAbebeB −−+−−+−+ ξλξϕξλξϕλξ  
ebABeAcB ϕλξλξ ))((2))(( −+−=  

and 
( ) ( )−Λ=Λ ξϕξξξϕξξ ),()(),,()( eReeRe ο  

( ) ( ) ( )( )ξξϕξξϕξξξϕξξ )(,)(,,)( Λ−Λ−Λ− eeReeReeR  
( ) eeReeRecee ),(0),()()( ϕξξϕϕλξξ −−−−Λ=  

( ) ( )eAeABe ϕξλξϕξλξ +−−+−−−= )()(  
eABe ϕ2−=  

Making use of (10) we get : 
LBAcB =− )(λξ ,        LABbA =− )(λξ  
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and so , (8)  and (9) hold . 
Note that using (10) and taking eX =  and eY =  we get the 

equation (9) taking eX ϕ=  and eY =  we obtain (8)  and (9) and 
taking eX ϕ=  and eY ϕ=  we get (8). We conclude that all the 
possible choices of the vector field in the ϕ -basis { }ee ϕξ ,,  give 
equations (8)  and (9). So, if  (8)  and (9) hold, then (10) holds, that is 

3M  is  partially pseudo symmetric of the first type with .constL =   
23−  REMARK . 

 Note that taking  
eXeXXX ϕξ 321 ++=  and eYeYYY ϕξ 321 ++=  

and using the equations (2), (3), (4) and (7), the equation (10) 
becomes: 
{ } +−+−+− eBAbYXBcAYXABcYX ))(())((2))(( 332332 λξλξλξ  
{ } =−+−+−+ eBAbYXAbBYXABcYX ϕλξλξλξ ))(())((2))(( 233222

++−+= eAYXBYXBYXL ))(2{( 332332  
}))(2( 233222 eAYXAYXBYX ϕ+−++  

From which we then get (8) and (9). Conversely if  (8) and (9) hold 
then (10) holds for all vector fields X  and  Y, that is, 3M  is partially 
pseudo symmetric of the first type . 

33−  THEOREM  
Let 3M  be a contact metric three-manifold. Then 3M  is partially 

pseudo symmetric of  the second type where .constL =  if and only if: 
)(])21[()11( 2 λξλλ BLaA =−−−  

[ ] )()21()12( 2 λξλλ ALaB =−+−  

0)21)(233
2

()]([)13( 2222 =−−−+−++− LaarB λλλλλξ

0)21)(233
2

()]([)14( 2222 =−+−−−++− LaarA λλλλλξ  

0)22
2

)(()15( 2 =+−++ LrAB λλξ  
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Proof 
Let 

( ) ( ) )],,()([),,(),()16( ZYRXLZYRXR ξξξξ οο Λ=  
for all vector fields  X ,  Y  and Z on  3M  . 
We apply (16) taking  eX = ,  eY ϕ=   and   ξ=Z  .  We obtain 

(11) and (12) (theorem 13− ). Taking now eX = , eY ϕ=   and   
eZ =  and using (2), (3), (4)  and (7) to calculate the left hand-side 

and the expression in the bracket on the right-hand side of (16) we 
obtain : 

( ) ( )−= eeReReeReR ),(),(),,(),( ϕξξϕξξ ο  
( ) ( ) ( )eeReReeeRReeeRR ),(),(),(,,),( ξϕξϕξξϕξξ −−−  

−−−+−= eeebeReAeR ),)(())()(,( ϕϕλξϕξλξξ  
( ) ))(,()(, eBbeReBeR ϕξϕξξλξξ +−−−−  

( ) ++−−+−−= )())(()()( edBbeBAebe ϕξξλξϕλξλξ  
( ) )()()( eAcBecebeBbB −−−+−+ ξϕλξϕξ  

ecdbBBcA ϕλξξλξ )}()]({[))(( 22 +−−+−=  
( ) ( ) −Λ−Λ=Λ eeeReeReeeRe ),)(),()(),,()( ϕξξϕξξϕξξ ο  

)))((,())(,( eeeReeeR ξϕξϕξξ Λ−Λ−  
( ) −−+−Λ= eeeReAe ),()()( ϕϕξλξξ  

))(,(0 ξϕξ −−− eR  
( )eceedBe ϕλξϕξλξ −++−−= )()()(  

edcB ϕξ )( +−−=  
from which (13) follows . 
In the same way, we use (16) taking  eX ϕ= , eY =  and  eZ ϕ= . 

We obtain  
( ) ])([)}()]([{)( 22 edbALedbcABAb +−−=++−−−− ξϕλξξλξ

from which (14) follows instantly. 
Finally, we put  eX = , eY =  and  eZ =  in (15) and making use 

of (6) we get : 
( ) eLedAB ϕλξϕλξ )()( =+−  

and so (15) holds . 
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Note that all the other possible choices of  the ϕ -basis { }ee ϕξ ,, , 
give again equation (11)  - (15) . 

So, if (11) - (15) hold, then (16) holds, that is, 3M  is partially 
pseudo symmetric of the second type  where .constL =  

43−  REMARK 
It is easy to verify that the conditions (11) - (15) are necessary and 

sufficient for a contact metric three-manifold 3M to be pseudo 
symmetric . 

53−  THEOREM 
Let 3M  be a partially pseudo symmetric of the first type 

( 0. ≠= constL ) contact metric three-manifold with constant ξ -
sectional curvature κ  where L≠κ   [5] . 

Then 3M  is pseudo symmetric if and only if  0=κ . 
Proof 
Since 3M  is of constant ξ -sectional curvature κ , using (7), we 

have : 
( ) κλλξξξκ =−−== aeeRge 21,),(),( 2  
( ) κλλϕξξϕξϕκ =+−== aeeRge 21,),(),( 2  

Adding and subtracting the two relations we obtain : 
0,1)17( 2 ==− λκλ a  

Differentiating the first one with respect to ξ  , e  and  eϕ  , since 
0≠λ  , we get : 

0)()()()18( === λϕλλξ ee  
The second relation of (17) yields 0=a . The relations (8) and (9) , 

using (17) and (18) become : 
0)(,0)( =−=− LBLA κκ  

From which , since L≠κ  , it follows:  
0)19( == BA  

Therefore we get : 
)1(2,0)20( 2λσµ −=== r  

Finally , using (17) , (18) , (19) and (20) , we can conclude that 
(11) – (15) are satisfied if and only if   012 =−= λκ  
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63−  THEOREM 
 Let 3M  be a contact metric three-manifold with 0=∇ τξ and 

satisfying the conditions : 
00,01)21( 2 ===−− BorAandLλ  

where .constL = 0≠  ( and hence 1≠λ  ) .Then 3M  is pseudo 
symmetric of  constant type L . 

 Proof 
Since 3M  satisfies  0=∇ τξ  then [4]  

0)(,0)22( == λξa  
 We assume 0=A  (if we assume 0=B  ,we proceed in the 

same way) . Differentiating the first relation of (21) with respect to e 
and eϕ  , since 0≠λ  , we get : 

0)()()23( == λϕλ ee  
We apply the well-known formula : 

∑
=

∇=
n

i
ie XeQgrX

i
1

),)(()(
2
1)24(  

which holds for any vector field X of a n-dimensional Riemannian 
manifold, where }{ ie  is an arbitrary orthonormal basis, to compute 

)(
2
1 re . Using (6) we obtain : 

++++−++= )(2)21
2

()()(
2
1 2 λµξλλξ areaBAre  

( ) Baeae )21()(2)()( −−+−+ λλλξϕ  
which because of (21), (22) and (23) takes the form 0)1( =− Bλ  . 

Therefore, since 1≠λ  , we get:  
0)25( =B  

Finally, by virtue of (21), (22), (23) and (25) we can verify that   
(11)-(15) are satisfied, that is   3M    is pseudo symmetric of  constant 
type L. 
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73−  THEOREM 
Let 3M  be a contact metric three-manifold with  QQ ϕϕ = . Then   
3M   is pseudo symmetric of  the constant type   0≠L    if and only if: 

)1(012 ≠=−− λλ L  
Proof 
We know that the components of the Ricci operator Q, with respect 

to   { }ee ϕξ ,,  , are given by : 
eBAeQ ϕξλξ ++−= )1(2 2  

eearAQe ϕλξλλξ )()21
2

( 2 +++−+=  

eareBeQ ϕλλλξξϕ )21
2

()( 2 −+−++=  

From which it follows easily that   0=− QQ ϕϕ   if and only if : 
0)()26( ==== λξaBA  

We apply the formula (24) taking   eX =  and eX ϕ=  , using (26) 
we obtain  :   0))(()( == λϕλ ee   and so 

)1(2)27( 2λ−=r  
Finally , by virtue of (26) and (27) we can conclude that (11)-(15) 

are satisfied if and only if  012 =−− Lλ  . 
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