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ABSTRACT 

In this article we study the contact metric three-manifolds 3M satisfying 
certain curvature conditions especially .)( const=λξ  In section 23 − we find 
four conditions such that every one is necessary and sufficient for a contact 
metric three-manifold satisfying  

0)()( ===∗ BAλξ , 0212 =+− λλ a  
to be semi-symmetric. In section 43 −  we prove that if a contact metric 

three-manifold 3M satisfies )(∗ then either 0=a  and 3M is semi-symmetric 

or 0≠a and in this case a is constant and 3M  cannot be semi-symmetric . In 
section 53 −  we prove that if a semi-symmetric contact metric three-manifold 
satisfies  

.)( const=λξ  .constA=  .constB =  
( in section 3-6 if .)( const=λξ  .)( conste =λ  .0)( ≠λϕ e  ) 
then  0)( ==== BAa λξ  
 
Key Words: Contact 3-Manifolds and Curvature Conditions. 
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  التلامسية ثلاثية الأبعاد دراسة حول المنطويات المترية

 التي يحقق تقوسها بعض الشروط الخاصة
  

  )2(سمير أبو عقلو  )1(فلورانس غولي ـ أندريو

   اليونان– سالونيك – جامعة أرسطوطاليس –قسم الرياضيات ) 1(
   ـ سورية جامعة دمشق– كلية الهندسة المدنية –قسم العلوم الأساسية  )2(

 09/01/2008تاريـخ الإيداع 

  15/07/2008 قبل للنشـر في
  

  الملخص 
 الذي يحقق تنـسور تقوسـه       3Mندرس في هذا البحث، المنطوي المتري التلامسي ثلاثي الأبعاد          

)(. ولاسيمابعض الشروط  const=λξ .  
  : متري تلامسي محققو يكون منط حتىنورد بداية أربعة شروط ، كل منها لازم وكافٍ
0)()( ===∗ BAλξ           0212 =+− λλ a  

نبرهن بعد ذلك أنه إذا حقق منطو متري تلامسي ثلاثـي        ). أو مثيل المتناظر  (  منطوياً نصف متناظر    
 وعندئـذ  a≠0 سيكون نصف متناظر، أو 3M ، و  a=0، فعندئذ إما    ∗)( العلاقات 3Mالأبعاد  

a  ً3، ولا يمكن لـ      سيكون ثابتاM    وأخيراً نبرهن أنه إذا كانت قـيم المقـادير         .  أن يكون نصف متناظر
)(λξ  وA و  B ثابتة )الة أخرى وفي ح)(λξو )(λe0و   ثابتة)( ≠λϕ e ( في منطو متري

)(0: تلامسي ثلاثي الأبعاد ونصف متناظر، فلابد أن يكون ==== BAa λξ  
  

  .المنطويات التلامسية الثلاثية وشروط التقوس :المفتاحيةالكلمات 
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1. Introduction 
A Riemannian manifold ),( gM  is called semi-symmetric if its 

curvature tensor R satisfies the condition  
  0),( =⋅ RYXR  
for all vector fields X, Yon M, where R(X,Y) acts as a derivation on R: 
( ) ( )−=⋅ WVURYXRWVURYXR ),(),(),,(),(  

( ) ( ) ( )WYXRVURWVYXRURWVUYXRR ),(),(),(,,),( −−−  
G. Calvaruso and D. Perrone in ]3[  have studied the semi-

symmetric contact metric three-manifold with Ricci curvature ),( ξξρ  
constant, which means 0)( =λξ .  

In this article we study the contact metric three-manifold 
3M satisfying certain curvature conditions especially .)( const=λξ   

2. Preliminaries 
A contact metric manifold is a )12( +n -dimensional differentiable 

manifold 12 +nM   which carries a global differential 1-form η such that 
0)( ≠∧ ndηη  everywhere on 12 +nM . Every contact metric manifold 

has an underlying contact Riemannian structure ),,,( gηξϕ , where ξ  
is a global vector field ( called the characteristic vector field or Reeb 
vector field), ϕ  a global tensor field of type )1,1( and g a Riemannian 
metric (called associated metric). 

These structure tensors satisfy : 
1)( =ξη , ξηϕ ⊗+−= I2 , ),()( XgX ξη =  

),(),( YXgYXd ϕη = , )()(),(),( YXYXgYXg ηηϕϕ −=  
0),( =Xd ξη  

We denote by ∇  the Riemannian connection of g , and by R the 
corresponding Riemannian curvature tensor given by : 

],[),( ],[, YXYXYXRYXR ∇∇−∇==  
The Ricci tensor of type )2,0( , the corresponding Ricci operator 

and the scalar curvature are respectively indicated by ρ ,Q , and r . If  
r is constant then 12 +nM  is said to be conformally flat .  

In the theory of contact metric manifolds the tensor fields  
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2
1

=h ℒ ϕξ  and  ξξ ),( ⋅= Rl  

where ℒ is the Lie derivation , play a fundamental role. On every 
contact metric manifold 12 +nM  the following relations hold ]4[  

0=== ξξξϕ lh   0== hoo ηϕη  
XhXX ϕϕξ −−=∇  hh ϕϕ −=  
2hh ϕϕϕξ −−=∇ l  )(2 22 h+=− ϕϕϕ ll  

0== ϕhrthrt   22),( hrtnQgrt −== ξξl  
0=∇ ϕξ    0=∇ ξξ  

If   f  is a real function and the almost complex structure  J  on 
RM n ×+12  defined by : 

))(,(),(
dt
dYfY

dt
dfYJ ηξϕ −=  

is integrable, then the structure  is said to be normal and the 
manifold is called Sasakian . 

Let now ),,,,( 3 ϕξη gM  be a three-dimensional contact metric 
manifold. Let U be the open subset of 3M  where 0≠h  and V the 
open subset of points  3Mp ∈  such that 0=h in a neighborhood of  p 
. For any point VUm U∈  there exist a local orthonormal basis 
{ }ee ϕξ ,,  ( )34]2[ p  of smooth eigen vectors of  h in a neighborhood 
of  m  . On U we put     ehe λ=   eeh ϕλϕ −=  

where λ  is a non-vanishing smooth function which is supposed to 
be positive . 

12 −  PROPOSITION ]5[  
On U we have  

0=∇ ξξ eae ϕξ −=∇  eae =∇ ϕξ  
  ee ϕλξ )1( +−=∇  eee µϕ−=∇          

eee µξλϕ ++=∇ )1(  
ee )1( −−=∇ λξϕ  eee σϕξλϕ +−=∇ )1(  

eee σϕϕ −=∇  sahh )(2 λξϕξ +=∇  

ℓ 

ℓ 

ℓ ℓ ℓ 

ℓ 

υ 

(2, 1) 
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where a is a smooth function ,  

 })(){(
2
1 Ae += λϕ
λ

µ , })({
2
1 Be +−= λ
λ

σ  

),( eA ξρ=  ,  ),( eB ϕξρ=  and  s  is the )1,1( -tensor defined 
by  0=ξs , ese =  , ees ϕϕ −=  

22 −  PROPOSITION ]3[  
The components of the Ricci operator Q with respect to { }ee ϕξ ,, , 

are given by  
eBAeQ ϕξλξ ++−= )1(2 2  

eearAeQ ϕλξλλξ )()21
2

( 2 +++−+=  

eareBeQ ϕλλλξξϕ )21
2

()( 2 −+−++=  

From which it follows : 
{ } { } eaABeaBAQ ϕξξξλλξξξ −+++−=∇ )()()(4)(  
{ } ++++=∇ ξµλξλ BAeeQe )()1()()(  

{ } ++++ eae )(2)2( λµξλα  
{ } eAaeae ϕλλϕλξ )12())((2)()2,2( −−+++  

{ } ++−+=∇ ξσλξλϕϕϕ ABeeQe )()1())(()(  
{ } +−−+−+ eBaaee )21()(2)()( λλλξϕ  

{ } eae ϕλσξλαϕ )(2)2)(( +−+  

where :     21
2

λα +−=
r  

32 −  PROPOSITION ]3[  
The components of R, with respect to the basis{ }ee ϕξ ,, are given by:  

eeaeR ϕλξλλξξ )()21(),( 2 +−−−=  
eaeeR ϕλλλξξϕξ )21()(),( 2 +−−=  
eABeeeR ϕξϕ +−=),(  
eBeaeeR ϕλλξ −−−= )21(),( 2  
eAeeR ϕξλξϕξ +−= )(),(  
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erBeeeR ϕλξϕ )22
2

(),( 2 −++=  

eBeeR +−= ξλξϕξ )(),(  
eAaeeR −+−= ξλλϕϕξ )21(),( 2  

erAeeeR )22
2

(),( 2 −+−−= λξϕϕ  

where : 
,),(),( kijkji eeeReeeR −= 3,2,1,, =kji  

eeeee ϕξ === 321 ,,  
42 −  PROPOSITION ]3[  

Let ),,,,( 3 ξϕη gM  be a non-Sasakian contact metric three-
manifold . Then 3M  is semi-symmetric if and only if  

)()21( 2 λξλλ AaB =+−  
)()21( 2 λξλλ BaA =−−  

0)22
2

)(()4,2( 2 =−++ λλξ
rAB  

0)233
2

)(21()]([ 2222 =+−+−−+− λλλλλξ araB  

0)233
2

)(21()]([ 2222 =−−++−+− λλλλλξ araA  

3. Some classes of Semi-symmetric 
contact metric manifolds  

13 −  LEMMA 
Let ),,,,( 3 ξϕη gM  be a contact metric three-manifold . Then  the 

following formulas hold 
)1(2),( 2λξξρ −=  

=−−−−−= ))(()(22),( 22 µϕσσµλρ eeaaee  

λλ ar 21
2

)1,3( 2 +−+=  

=−−−−−−= ))(()(22),( 22 µϕσσµλϕϕρ eeaaee  

(2, 3) 
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λλ ar 21
2

2 −−+=  

)1(2 2 γλ +−=r  
where : ))(()(222 µϕσσµγ eea −−−−−=  
Proof : 
We have  

( ) ( ) ( )eeRgeeRgRg ϕξϕξξξξξξξξξρ ,),(,),(,),(),( ++=  
And if we use  )3,2( we obtain:  

)1(2),( 2λξξρ −=  
We have also :  

( ) ( ) ( )eeeeRgeeeeRgeeRgee ϕϕξξρ ,),(,),(,),(),( ++=  
And if we use )1,2( and )3,2(  we find :  

( ) )21(,),( 2 λλξξ aeeRg −−−=  
eeeeeeR eeeeee ∇∇+∇∇−∇= ϕϕϕϕ ],[),(  

( ) )()1(2 eee eeee µϕσϕξλ ϕσϕµξ −∇++−∇−∇= −+  

{ } eeeae ϕµϕσσµλξλλσ ))(()(21)](2[ 222 −−−−−−+−−=  
{ } eeeaB ϕµϕσσµλξ ))(()(21 222 −−−−−−+=  

And then : 
))(()(22),( 22 µϕσσµλρ eeaaee −−−−−=  

Similarly we obtain the value of ),( ee ϕϕρ , and hence we have:  
),(),(),( eeeer ϕϕρρξξρ ++=  

   { }))(()(2)1(2 222 µϕσσµλ eea −−−−−−=  
Now it follows easily from )4,2( and )1,3( : 

23 −  COROLLARY  
Let ),,,,( 3 ξϕη gM  be a contact metric three-manifold satisfying  

0)( === BAλξ , 0212 =+− λλ a   
0212 ≠−− λλ a  

Then 3M is semi-symmetric if and only if one of the following 
conditions is satisfied : 
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)1(4)( 2λ−=ri  
λarii 8)( =  

0),()( =eeiii ϕϕρ  
λρ aeeiv 4),()( =  

33 −  COROLLARY 
Let ),,,,( 3 ξϕη gM  be a contact metric three-manifold satisfying  

0),( =ξϕξ eR , 0),( =ξϕ eeR  , 0),( =eeeR ϕϕ  
Then 3M is semi-symmetric . 

43 −  PROPOSITION  
Let ),,,,( 3 ξϕη gM  be a contact metric three-manifold satisfying 

0)()23( =− λξ , 0== BA , 0212 =+− λλ a  
Then either  0=a  and 3M  is semi-symmetric or 0≠a  . In this 

case a is constant , )1(4 −= λar  and 3M  cannot be semi-symmetric . 
Proof . 
Differentiating 0212 =+− λλ a  with respect to ξ  we get 0)( =aξ . 

Next differentiating with respect to e  , we obtain:  
( ) )()()()33( λλλ eaaee −=+−  

 We have the well-known formula 

∑
=

∇=−
n

i
ie XeQgrX

i
1

),)(()(
2
1)43(  

which holds for any vector field X of n-dimensional Riemannian 
manifold where { }ie  is an arbitrary basis . 

If we put eX =  , eeeee ϕξ === 321 ,,
 and using )2,2(  and )2,3(  we obtain : 

( ) ( ) ( )eeQgeeQgeQgre ee ,)(,)(,)()(
2
1

ϕξ ϕξ ∇+∇+∇=  

)]()([2)(
2
1 aeere ++= λλ  

Since 0≠λ  , it follows : 
0)()( =+ aee λ  

(I) 
(II) 
(III) 
(IV) 
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Using )3,3(  we obtain : 
0)( =λae  

Then either 0=a , and from )2,3(  we find that 1=λ  and hence 
all the relations )4,2( are satisfied ,which means that 3M  is semi-
symmetric, or 0≠a , 0)( =λe  and then also 0)( =ae . 

If we apply )4,3(  and )2,2(  to  compute )(
2
1 reϕ  we obtain : 

))(())(( aee ϕλϕ =  
Differentiating the last relation of )2,2(  with respect to eϕ  and 

using the last equation we find: 0)2())(( =+⋅ aae λϕ , and since 

λ
λ

2
1 2−

=a , the last formula becomes: 

0)13())(( 2 =+⋅ λϕ ae  
Thus  0))(( =aeϕ  and so  0))(( =λϕ e  
Now from  

0))(()()( === aeaea ϕξ  
0))(()()( === λϕλλξ ee  

We can conclude that   a  and  λ   are constants . 
Using 0==== σµBA   and from the relations )1,3(  we find : 

)1(2),( 2λξξρ −=  
)1(2),( −= λρ aee  

)1(2),( +−= λϕϕρ aee  
)1(4 −= λar  

Finally if we assume that 3M  is semi-symmetric then according to 
lemma   3,3    of  ]3[   we have 0=a   which contradicts our 
assumption . 
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53 −  THEOREM 
Let 3M  be a  semi-symmetric contact metric three-manifold 

satisfying : 
.,.,.)()5,3( constBconstAconst ===λξ  

Then   0)( ==== BAa λξ  
and 3M is either flat or sasakian . 
Proof 
We multiply the first relation of )4,2( by B , and the second by A , 

then we subtract the first product from the second product and we get  
0)21()21( 2222 =−−−+− λλλλ aAaB  

Using )4,2(  to express 2B  and 2A  we find  
{ } 0)]([4)1(4)6,3( 22222 =−−− λξλλλ aa  

Then either 0=a  and we shall study the case, or  0≠a  and we 
shall prove that this case can not occur. 

If   0=a , then the first, second, fourth and fifth relations of )4,2(  
become : 

)()1( 2 λξλ AB =−  
)()1( 2 λξλ BA =−  

0)33
2

)(1()]([ 2222 =−+−+− λλλξ
rB  

0)33
2

)(1()]([ 2222 =−+−+− λλλξ
rA  

From which it follow A= ±B, and the relations (2,4) are equivalent 
to : 

)()1( 2 λξλ AA m=−  

0)22
2

)(()7,3( 22 =−++ λλξ
rAm  

)33
2

)(1()]([ 22222 −+−+== λλλξ
rBA  

If   0=A   then ]3[  
0)( ==== aBAλξ  

± 

± 
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and 3M  either is flat or has constant curvature 1 . 
We shall prove that the case 0≠A  can not occur . 
In fact consider { }pAMpU at0/3

1 ≠∈=   . Then from the first 
relation of )7,3(  we get on 1U   

)1()(. 2 −== λλξ mconst  
from which it follows that .const=λ  and hence 0)( =λξ  , and the 

second relation of )7,3( now yields 0=A  on 1U  which can not occur 
. Therefore ,  1U is empty , and  0=A  on 3M . 

We assume now 0≠a .  Differentiating the third relation of )4,2(  
with respect to ξ  we get  

0)(4
2

)()( =



 + λλξ
ξ

λξ
r  

If 0)( =λξ  on some neighbourhood 2U  , then  ]3[0=a  , which 
contradicts our assumption . 

Let    0)( ≠λξ    and   0)(4
2

)(
=+ λλξ

ξ r    . 

Then:  
)(8)()8,3( λλξξ −=r  

From   )6,3(  we find : 
22222 4)1()]([)9,3( λλλξ a−−=  

We add the fourth and fifth relations of )4,2( , and we use )9,3(  to 
express  2)]([ λξ  .  

We obtain : 
22222 )1(4)1()10,3( λλ −−−=+ rBA  

Differentiating  )10,3(  with respect to ξ  we find : 
0)()2)(1(8)(2)()1( 22 =−−−−− λξλλλλξλξλ r  

We use )8,3(  to express )(rξ . 
We get : 

)1(4 2λ−=r  
From )10,3(  it follows that:    022 =+ BA  

± 
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and hence 0== BA  and then 0=a  which  contradicts our 
assumption . 

63 −  PROPOSITION  
Let 3M  be a semi-symmetric contact metric three-manifold 

satisfying : 
.)( const=λξ , .)( conste =λ , 0)( ≠λϕ e  

Then    0)( ==== BAa λξ   and 3M  is either flat or Sasakian . 
Proof  
On 3M  we have the relation  )6,3(   

{ } 0)]([4)1(4 22222 =−−− λξλλλ aa  
If 0=a  the conclusion follows as in the proof  of theorem 53− . 

We shall prove that the case 0≠a  can not occur . 
In fact consider  { }paMpU at0/3

3 ≠∈=  . On 3U  we have : 
22222 4)1()]([)11,3( λλλξ a−−=  

On the other hand , using )1,2(  we have:  
))(()()()](,[ λξλξλξλξ ξ eeeee ∇−∇=−=  

Therefore  : 
0))(()1( =−+ λϕλ ea  

and so :  1+= λa  . then )11,3(  becomes  
22222 )1(4)1()]([ +−−= λλλλξ  

Differentiating with respect to ξ we obtain : 
0)()122412( 23 =−−− λξλλλ  

It is now easy to conclude that 0)( =λξ . In fact if we assume 
0)( ≠λξ , then 0)122412( 23 =−−− λλλ , and differentiating with 

respect to ξ  we get  0)()124836( 2 =−−− λξλλ  and if we continue 
in the same way we find at last that 0)( =λξ , which contradicts our 
assumption . Hence 0)( =λξ , and then 0=a  on 3U , which can not 
occur . 

Therefore 3U  is empty and 0=a  on 3M  .  
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