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ABSTRACT

A Lie algebra g over a field F is a vector space together with a bilinear
map [ ,] satisfying [x,x] =0 in addition to Jacobi identity . A Lie subalgebra
B of aLiealgebra g issaid to be a Cartan subalgebra if it isa nilpotent and

equals its normalizer, and it is proved that semi simple Lie algebra g
decomposesinto weight spacesfor B.

In this scientific paper we present the conception of distinguished
element hyin finite dimensional semi smple Lie algebra over a field F has
characteristic 0 and we will prove that the previous decomposition g into
weight spaces for B isthe same to decomposition g asa direct sum of ad, eigen

spaces. Thisleads usto construct algorithm totest smple Lie algebras.
We programmed the previous algorithm to test smple linear Lie algebras
over a numeral field by Mathematica5.0 program where applied thisalgorithm

on semi simplelinear Liealgebra SL({R) ) toprovethat it issimple.
Key words: Lie algebra, Simple Lie algebra, Normalizer, Cartan

subalgebra, Generic element in Lie algebra,
Distinguished element in semi smple Lie algebra .
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a 0 06 0 06 a® 1 06 a® 0 16
Y,=% -1 0 —90 1 0- ,Y,=% o0 o.,v,=% o0 o
§o 0 o,a §o 0 -1y §o 0 o,a §o 0 o,a

06 0 06 a® 0 06 a® 0 06

—91 0 oj —90 0 1. Y,=% o0 0.,Yv,=% 0 o

§ooo?ﬂ §ooo?ﬂ §100,a §010,a

. SL(3 ) oe S S s BE{Y,Y,} K
a3 ) 53 Aaa
DA sl
Boiss jmaam
In[1] := Print[" Enter dimention of Cartan subalgebram= "1;
Enter dimention of Cartan subalgebram=
In[2]:= m=2;
S e LI B
In[3]:= Print[" Enter base of Cartan subalgebra B="];
For[i =1,i £ m, Print[(HoldForm[Y]),,"="]; i++];
Enter base of Cartan subalgebra B=
Y,=
Y,=
0 06 a® 0 06

In[4]:= B={ Y,=%0 -1 OLY,=%0 1 03}
éo 0 0g 0 0 -1y
i omxn
In[5] := Print[" Enter dimention of Liealgebran= "];
Enter dimention of Lie algebran=
In[6] = n=8;
Cdomoldg

In[7] := Print[" Enter baseof Liealgebrag="],
For[i=1,i £ n, Print[(HoldForm[Y]),, " ="]; i++];

Enter base of Lie algebrag =
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Y,=
Y,=
=
=
Y, =
Y,=
=
=
aéOOb ® 0 06 a0 1 06 & 0 16
In[8]:= g={ Y,= -1OY =50 1 oLY,=% o0 o.Lv,=% o0 o,

éo 0 éo 0 -1 éo 0 0 éo 0 0

0 00 005 a 006 & 0 06
Y,= 91 0 0LY,= 90 0 1.Y,=50 0 0.LY,=%0 0 03}
éoo éooog 1 0 Oy 0 1 0y

Dl AVY g ] o alie 40K e iKa 3 Recog[M_] Al

In[9] := Print[" Enter function which recognize an element of Lie algebra
Recog[M_] ="];

"Enter function which recognize an dement of LieagebraRecog[M_] =
IN[10] := Recog[M_]:=Module [{},A,=-M[[1,1]] ;»,=-M[[3,3]];
A,=M[[1,2]] ; &,=M[[13]];
A=MI[21]]; Ae=M[[23]] ;2,=M[[3,1]] ;
Ag=M[[3,2]] ;Sum[ &, * (HoldForm[y]), {i,n}]
]

DX Y_J Aot
In[11] := Print[" Enter Liebracket c[X_,Y_]="];
Enter Lie bracket c[X_,Y_] =
IN[12] := ¢[X_,Y_]:=XXY-Y xX
A 8 shadl)

.42 sl b yalic s (R dial)l (0 W die i
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In[13] := W=Table[i {i,(n-m)(n-m+1) }]
Out[13] ={1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,
23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,42}

A5 5 ghadl)
fod s s e ol sl (a5 ol 5l Afiaal) 28 ghanal) slay
In[14]:= Matrix=Table[Recog [ c[ Y;,Y; ]]1.{i,n}{],n}] // MatrixForm
Out[14]// MatrixForm =
®0 0 2Y, Y, 2Y, Y, Y, Y96
S0 0 Y, Y, Y. 2Y, Y, -2Y,%

(} g
¢G2Y, Y, O o Y, Y, Y, 0+
(} -
Y, Y, 0 0 Yy, 0 Y&+Y, VY, =
gzvs Y, Y, Y, 0 © 0 -, 2
cYs 2Y, Y, O 0 0 Yy Y,-
Y, Y, Y, Y-Y, 0 -, O 0z
§-Y8 2, 0 Y, Y, Y, O 0 5

el (A et ) Laga skl pealic Cum ad, ¢ Ay, o kil (o sheadl) sla)

read A e A8l dagheaall e S0 5 Y1 o dand) peabial daaaal)
In[15]:= For[i=1,i £ m, )
Print[ad (HoldForm[¥]), * =
Normal[SparseArray[{{j_, j_}: ® coefficient[M atrix[[1]],Y,]
(LG Y{n,n}]1/ M atrixForm];
ad, =Normal[SparseArray[{{j_,]_}: ® coefficient[M atrix

([ O TTAn,n}] ) i++]

® 000 0 0 0 0
o000 0 0 0
¢0 0200 0 0 OF
Q00010 0 0 O
“6 000 -2 0 0 OF
© 0000 -1 0 o:
%0000 0 0 -10;
gooooooofg
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® 00 000 0 0%
0000000 0
¢00-1000 0 07
aOI:EOOOlooooZ
60000100 O0F
0000020 0
%00 0 000 -1 07
gooooooo-zg

SAAIEY 5 ghadl)

A shie A8k Woe 7, 0y v i)
In[16] := random =T able[Random[I nteger ,{ W[[1]],W[[(n-m)(n-m+1)]] }] .,{m} ]

Out[16] ={ 6,12}

IN[17]:= For[i=1,i £ m, Print[(HoldForm[g]),, " =", random[[i]] ];
g, = random([i]]; i++]
Y,=6
v,=12
D dag) 1) 5 ghadl)

th=gY, +0,Y, & ad) 4siad Ja
In[18] :=ad, =0;
For[i=1,i £ m,i++ ad, =ad, +g; ad, ];Print[" ad, =", ad,
/I MatrixForm]

@
¢
e
co
¢
0
ad, :go

%

0
0

b © o o

O o oo o
O oo oo
O oo ooo

A A AR AR A

° &
R
cx)O
o

O O O OO oo o
O O O OO oo o
O O O OO oo o

o O O o

0O 0 -18

Q
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tdwaldl) 5 ghadl)
Dad, e plaal 40 asl Sy
In[19] = eigen=Eigenvalues/ad,]
Out[19] ={-18,-18,18,18,0,0,0,0}
In[20] := differenteigenvalues=I nter section[eigen,eigen]
Out[20] ={-18,0,18}
sad, s A9 a8l s g gld A Ay aa) Lo gasll da j alay
In[21] := d=degreeminimalpolynomial=L ength[differenteigenvalues)

Out[21] =3

sAalud) 3 gladl)

:(1)3 shail)

A shse A 5aall 538 a0 S 1Y Ay sl A paall W 2 an A0 I dals
AN 3 ghaddl Y sasal) L ki W)y 7]

4
In[22] := |f[degreeminimalpolynomial == n-m+1, O (xdiffer enteigenvalues[[i1]),
i=1

Print[Goto step (3)] ]
Goto step (3)

SAAIEY 5 ghadl)
A shie A8k Woe 7, 0y it i)
In[23] := random =Table[Random[Integer ,{ W[[L],W[[(n-m)(n-m+1)]] }] ,{m} ]
Out[23] ={29,26}

IN[24] = For[i=1,i £ m, Print[(HoldForm[g]),," =", random[[i]] ];
g,= random[[i]]; i++]
v,=29
v,=26
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D day) 1) 5 ghdl)
th=g,Y,+0,Y, &us ad), dsiad g
In[25] :=ad, =0;
For[i=1,i £ m,i++ ad, =ad, +g; ad, J;Print["ad, =",
ad, // MatrixForm]

00 0 0 0 0 05
@oo0oo0 o0 o0 0 O
€003 0 0 0 0 0+
aolh:goo 05 0 0 0 0
€000 0 3 0 0 07
90000 0230 02
€000 0 0O 0 -55 0
goo 0 0 0 0 0 -234

D daldl) 5 ghdl)
Dad, e plaa) 48 asl Sy
In[26] := eigen=Eigenvalues[ad, ]
Out[26] = {-55,55,-32,32,23,-23,0,0}
In[27] := differenteigenvalues=Inter section[eigen,eigen]
Out[27] = {-55,-32,-23,0,23,32,55}
sad, s A9 a8l se g gld g Ay aa) L gasll da j alay
In[28] := d=degreeminimalpolynomial=L ength[differenteigenvalues]
out[28] = 7
D dalad) 5 ghadl)
:(1)5 shadd)
A shoe Ao 50l oda da o il 1Y A ) dagaall Ul zoAS A If dds ¢
AN 3 ghasdl ) sased) Le ki W) 7]
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In[29] := If[degreeminimalpolynomial == n-m+1,

6 (xdifferenteigenvalueg[[i]]), Print[Goto step (3)] ]

Out[29] = (55+x)(32+x)(23+x)x(-23+x) (-32+x)(-55+X)
(B shdd
3
pl(X) =X+55, pz(x) =X+32, p3(x) =Xx+23, p4(X) =X- 23,
pS(X) =x-32, p6(X) =X-55
()5 shadll
C1Ej £d-1 & o

21 )3 skadd
M Al iy
In[30] .= M ={{a,, a,, a;}{c;, c,, c;} {e,, &,, &}}
® a a0
ch C2 C3:
éel N

| ;e g ={MTSLE R (P (ad,))M =0 eloa il s
D ohall s el 5 5 plaiall A3 Al de gena
SLERY" ={MTSLBR): (adyy 4y, - | ;)M =0}
={MTSLER): [gY,+0,Y,,M]-1,M =0}
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In[31] := For[i=1,i £d,
If [differenteigenvalueq[[i]]* O,
Print [* Solution of ad, , ., -(" differenteigenvalued[i]]," )
=M" , Solve[ c[y,Y,+y,Y,,M] - differenteigenvalueq[[i]]
@® 0 06
M==% 0 o .{a,,a,,3,,C,C,, Cy06, 6,61 ],0]
00 Og
jit]
Solution of (ad, ., v, «(-55)M=0is{{a, ® 0,8, ® 0,3, ® O
,c,®0,c,® 0,c,® 0,e,® 0,e;,® 0}}
Solution of (ad, ., y, (-32)M=0is{{a, ® 0,8, ® 0,a,® 0
,C,® 0,c;,® 0,e,® 0,e,® 0,e,® 0}}
vy, (-23))M=0is{{a ® 0,a,® 0,c, ® O,
¢,®00c,®0c,®0e®0e® 0}
Solution of (ad, ., v, (23)M=0is{{a, ® 0,8, ® 0, 8, ® O,
c,®0c,®0e®O0e,®0e® 0}}
vy, (32))M=0is{{a, ® 0,a,® 0,c, ® O,
c,® 0c,® 0,e ® 0e,® 0,e;,® O}}
Solution of (ad, ., v, -(55))M=0is{{a, ® 0,a, ® 0,c, ® 0,
c,®0,c,® 0,e® 0,e,® 0,e,® 0}}

Solution of (ad

Solution of (ad

NS T

a@ 0 06 a@ 0 OQ

(SLE RY={ 0 0 0I}={Y,}, (SLER)™={ & 0 01}={Y]}
§1 0 0y go 0 0Oy
0 06 0 006

(SL(3, R)™ -{ 0 0I}={Yg} , (SLBR)™ = 90 0 1I}=(Yy
éo 1 0y 0 0 0y
1 06 a®d 0 1o

(SL(3, R))* ={ 90 0 0I}={Yy}, (SLER)™={ 0 0 05}={Y,}
0 0 0 0 0 0y
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(1) 5 ki)
i fa i Aliae de ganay alsall AN Gulid Wz A0 300 Gyl 480 Y ¢
P9 o o
IN[32] := NonZero[lis ] := Moduleg[{new = {}},
Do[l f[Not[lig[[i]] === 0*lig[[i]]],
AppendTo[new, lig[[il]]],
{i, Length[lis]}];
new]
In[33]:= Coordination[Z_] := M odul€e[{coo, aa},
coo = Array[aa, {n}];
Do[aa[i] = Coefficient[Z, (HoldForm[y]), ,
{i, n};
coo]
In[34] := Combination[lis ] :=Modulef{} , Sum[lis[[i]]* (HoldForm[y]),, {i, n}]]
IN[35] := IdealGenerated(lis ] :=
Modulg{k, | deal Generated},
| deal Gener ated= Map[Combination, NonZer o[ RowReduce]
Map[Coordination, Map[Recog, lig]]]];
dim[0] =0; dim[1] =1; k=1,
Whild
dim[k] <n && dim[k] * dim[k - 1], conj =l deal Generated;
k=k+1,
Do[
AppendTo]l deal Generated, Recog[c[ ReleaseHald[conj[[j]]], y; 111,
{i,n}, {j, Length[con]}1;
ideal = Map[Combination, NonZerqf
RowReducg M ap[Coor dination, | deal Gener ated]]]];
dim[k] = Length[l deal Generated]
I;
| deal Gener ated]
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In[36] := IdealGenerated[{Y,}] (SL(3, R)™ — algall il Lulid
{Yl 7Y2 7Y3 7Y4 7Y5 7Y6 7Y7 7Y8} )

In[37] := ldealGenerated[{Y.}] (SL(3, R)? —s alsall Jial Ll
{Yl 7Y2 7Y3 7Y4 7Y5 7Y6 7Y7 7Y8}

In[38] := |deal Generated[{Y,}] (SL(3, R — alsa Jtial (i
{Yl 7Y2 7Y3 7Y4 7Y5 7Y6 7Y7 7Y8} )

In[39] := IdealGenerated[{Y,}] (SL(3, R)* — alsal) el (il
{Yl 7Y2 7Y3 7Y4 7Y5 7Y6 7Y7 7Y8} )

In[40] := |deal Generated[{Y,}] (SL(3, R)? —s alsall Jial Ll
{Yl 7Y2 7Y3 7Y4 7Y5 7Y6 7Y7 7Y8}

In[41] := |dealGenerated[{Y,}] (SL(3, R)?* —s alsall Jial Ll

{Y]_ 1Y2 1Y3 1Y4 ’YS ’YG ,Y7 ’YS}
HORX N
) 3y Gl Y U SL(3, R) s S 19 Led 200 FOT Al 203

NAdg dhskes (i =3......,8) (SL(B, RY — salsall clylliall aan 58
In[42] = Q:=0;
For[i=3,i £ 8 If[ldealGenerated[{Y,}] ==9,Q +=0,Q +=1]; i ++];
If[Q==0,"Liealgebraissmple’, " Liealgebraisnot smple"]

Out[42] = Liedgebraissmple
il
2ndl g @ Lapedll ot (3 i (3 By Sseall esial) o sgie Ja 2 il (1
o 0 el I Tl st i (a3 3 (pyae o e F Jin )
ad, S5l A g3 ceload) ) Lad) ot ) s el Glae B o )8
Adapadl 3 sen JLEaY A A o LiL W s Lea
gae Jia o dlanad) dadll () JlodY A8 dpe ) Al daa L (2
e B il Al pAll o2 2t 25 Cua Mathematica5.0 gl ik e
. SL(3, R bl Ciay hdl
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