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ABSTRACT

This paper includes an improvement of the categorical isomorphism
between the category of radical ideals and the category of affine algebraic sets
into an adjunction between two functors. Afterwards, we extend the previous
functors by means of expanding our work into the category of all idealsin a
polynomial ringin n variables over afixed algebraically closed field k, in which
the radical ideals form a full subcategory of it, in order to produce more
generalized adjunction from which we aobtain the following results:

Irk] In.k]
$X: AS (V—,—) <> 1d (1)
VoWVy=1,.
Aol =1,

which illustrates a development of Hilbert’s Nullstellen-satz.
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I ntroduction

Hilbert’s Nullstellensatz reveals essentia relations between affine
algebraic sets in n-affine space A, whereas k is assumed to be an
algebraically closed field unless stated otherwise, and the radical
idedls in a polynomial ring in n varibles over the fixed field k. This
theory has been developed in [10] using category theory into the
following categorical isomorphism:

[nk]l [kl

AS 8 RI
where the former is the category of al radical ideas in k[x,, -, x,]
and the latter is the category of all possible affine algebraic sets in A7 .
The previous result was deduced through extending the concept of
both algebraic set of an idea and the ideal of an algebraic set into the

following two contravariant functors, respectively:
I k] [re.k] k] [l
IAS > RI, V:RI — AS

In this paper, we prove that both T and ¥ form an adjunction in order

to develop the isomorphism in [10] into the following adjunction:
Ink]  [nkx]
AS —~ RI

which completes the first step. As foT the next step, we extend the
above adjunction into the category of al possble ideals in
[n.x]

k[x,,---,x,], from which RI is proved to be a full subcategory, in
[10], using a natural transformation shown in [10].

1-Imperative Definitions:
Definition 1.1: [4][5][8][9][13][14]
Let k& be a fixed agebraicaly closed field. We define affine n-space
over k, denoted A7 or simply A™, to be the set of al n-tuples of
elements of k. An element P € A will be called a point.
If P=(a,,--,a,) with a, €k, then the a; will be cdled the
coordinates of P.
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Definition 1.2: [4][5][8][9][13][14]
A subset V' of A7 is an agebraic set if there exists a subset
T < k[x,,--,x,] such that:
Vv=V(T)={P €A™ | f(P)=0forall f €T}

Clearly, if I is the idead of k[x,,-,x,] generated by T, then
V(I)=WV(T). Furthermore, since k[x,,---,x,] is a noetherian ring,
any idea I has a finite set of generators f;, -+, f... Thus, ¥(T) can be
expressed as the common zeroes of the finite set of the polynomials
fos ks

Proposition 1.3: [4][5][8][9]
The union of two algebraic sets is an algebraic set. The intersection of
any family of algebraic sets is an algebraic set. The empty set and the
whole space are algebraic sets.

Definition 1.4: [4][5][8][9]
A nonempty algebraic subset ¥V of Af is said to be irreducible if it
cannot be expressed as the union Vv = ¥; UV, of two proper algebraic
subsets. The empty set is not considered to be irreducible.

Definition 1.5: [4][5][8][9][13][14]
For any set X of AJ, we consider those polynomials that vanish on X;
they form an ideal in k[x,,---,x,] caled the idea of X and written
1(Xx):

I(X) = {f € k[xy,-,x,] | f(P) =0 forall P € X}

Proposition 1.6: [4][5][9][13]
An algebraic set 1 isirreducible if and only if (V) is prime.

Proposition 1.7: [4][5][9][13][14]
If I isaproper ideal in k[x,,--,x,.] thenV (/) = 0.

Definition 1.8: [6][9][15]
For any arbitrary ideal I in a commutative ring R, we define the
radical ideal of I, which is denoted by Rad I or v/1, asfollows:

Rad/ ={a€ER|3n€N,a™ €1I)
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Proposition 1.9: [4][5][6][8][9][13][14][15]
If fy.--.f, and g arein k[x,,--,x,] where k is algebraicaly closed
field, and g vanishes whenever f,, -, f. vanish, then there is an
equation:

gt = hyfy +-+h,f,

for some N > 0 and some h; € k[x,,-,x,.].
In concrete terms, this says the following: Let I be an ideal in
k[xy,--,x,] (k isalgebraically closed), then I{V(1)) = Rad 1.

The previous section was all about basic concepts in algebraic
geometry. Also, we note that propositions 1.7 and 1.9 are called the
weak nullsellensatz and Hilbert’s nullstellensatz, respectively.
Now we set some introductory definitions and propostions in
category theory:

Definition 1.10: [1][2][3][7][11][12][15]
A category € consists of two sets denoted by A, @ which are called the

set of arrows and the set of objects, respectively, with two functions:
dom
A=z 0
cod

In this diagram scheme the set of composable pairs of arrowsis:
AXoA={{g.f) | 9.f € Aanddomg = cod f}
which is called the product over ©.

The previous diagram scheme is equipped with two additiona
functions called “identity” and “‘composition” as follows:
id

0—>A , AX,A—A
c—Idc (g.fl— gof
such that:

L dom(ge f) = domf
dom(lda) = a = cod(ld a) , cod(g o f) = codg
in which the following associative and unit laws, respectively, hold:

hol@oN=(og)f, £ \ataompy =
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Definition 1.11: [1][2][3][7][11][12][15]
For two categories € , B, afunctor T: € — B congists of two suitably

related functions: the object function T which assigns to each object
¢ £ C an object Tc € B and the arrow function (also written T) which
assigns to each arrow f:¢ — ¢’ of Canarrow Tf:Te — T¢' of B, in
such away that:
T(ldc) = 1d(Tc) , T(gef)=Tge-Tf
the latter whenever the composite g = f isdefined in C.
Definition 1.12: [1][2][3][12][15]
Given two functors §,T:€ — B, anatura transformation z: 5§ — T is
a function which assigns to each object ¢ € € an arrow 1.:5¢ — T«c
in B in such a way that every arrow f:c— ¢’ in € satisfies the
following:
treS5f=Tfer,
When this holds we say that z_: S¢ — Tecisnatura inc.

Definition 1.13: [2][3][7]
For a category C, we define the hom-set of objects a, b € € consists of

all arrows of the category with domain @ and codomain b as follows:
C(ab)={f inC |domf = a andcod f = b}
Definition 1.14: [3][7][11][14]
If 5: D — C is afunctor and ¢ an object of €, a universa arrow form
c to § is a par {r,u} consigting of an object » of D and an arrow
u:¢c — Sr of C, such that to every pair {d,f) with d an object of D
and f:c¢ — 5d an arrow of €, there exists a unique arrow f':r — d
of D with Sfeu=f". In other words, every arrow f to 5 factors
uniquely through the universal arrow u.

Definition 1.15: [3][12]
Let A and X be categories. An adjunction from X to A is a triple

(F.G,@): X — A where F and G are two functors:

F
XA
G

N
(o3
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while ¢ is a function which assigns to each pair of objects x € X,
a € A abijection of sets:
.01 A(Fx,a) = X (x,Ga)
which isnatura in x and a.
Theorem 1.16: [3][12]
Each adjunction {F,G,¢):X — A is completely determined by the
functors F,G, and a natural transformation n:1zy — G o F such that

each component 7., isuniversal from x to G.
n.k] [m.k]

2- Constructing The Adjunction AS — RI:

2.1  Constructing ¢:
Let I < k[x,,---,x,] be a proper radica ideal, V € A7 an affine
algebraic set then we have the following equivalence [10]:

V() V) & (1v) S 1(V())) < (I(V) € Rad I =1)
Therefore,
W
V(Dev)e ([@v)cr)

Now, based on the previous equivalence, we can construct the
function ¢ mapping each ordered pair (I,17) to the following bijection:

[nic] o Inxl
Grv: AS (V(I),V) — RI (L1(V))
In order to show that ¢, .- is actually a bijection we will distinguish

two different cases depending on the hom-sets in the preorder
[nk] [nk]
categories AS, RI :

Irk]
1) If W(I) <V then AS (W(I),V) is empty which is the case for
[n.x]
RI (1,1(v)) because I(V) € I. Thus,

[kl I k]
Gy =0: AS(V(I),V)=0 — RI (LI(V))=0
is the empty function which is trivialy a bijection in this case.
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[n.k]
2) If ¥(I) <V then the hom-set AS (V(I),V) is a singleton, so
[n.x]

does RI (1,1(v)), depending on the * equivalence above, which
means that ¢, .- in this case is well

defined and trandates the unique arrow in the former hom-set to that
in the latter:

Gy (V) o V)= (15 1(V))
Due to such construction, ¢, ,- is again a bijection for this case.
2.2 Naturality of ¢:

The previous matter is not enough to make the triple
[m.k] [m.k]

(V,I,¢): AS — RI an adjunction so far, merely because this
structure lacks the proof of naturality of ¢.

Let’s start by proving that ¢ is natural in the first component i.e. in a
radical idea I. In other words, for every arrow I < I, the following
diagram will be commutative:

P sy W ()
; # *

L [kl T [r.k] _ l

P asEOy) — (1)

Again we’ll apply the same technique used before where we
distinguish two cases.

If w(i) < v, then we have T € 1(V), (V(i) < v(F) and V(i) & v
gves w(i)¢v. ThusI(Vv) <1I(v(i))= Rad T which
givesI(V)Z(F)) by means of *, which gives again W(I) £ v.
Therefore, al hom-sets in the diagram are empty as for al the
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functions in between which gives, trividly, the aspect of
commutativity in this case.
Now, for the second case where W(i) < v holds, one can easly

deduce, using the equivalence *, that all hom-sets in the diagram are
singletons for which we have the following:

(o by o #)(V(F) > V)
— (¢ (Hv) 7))

— 2 (65 (¥(1) > (v(T) > v))

=+(#s(V() 5 V) == (I > 1)
=lolsiV)=1-1IV)
= ¢y (V() > V)
This gives = o ¢, , o # = ¢p;,, Which leads to commutativity for this

case.
Let’s, now, continue towards showing that ¢ is natural in the second
component i.e. in some affine algebraic set V. In order to do so, we
must show that for every arbitrary arrow V < ¥ the following diagram
will be commutative:

- #; .
v A (v().V) Y ;ln_';] (n1(v))
n
I I
[r.k] [n.k]
y 4s (V(1),7) >Rt (1,1(7))
'#f.?

Let’s first discuss the case where W(I) €V then 1 € 1(V) aso
12 1(V), because I(V)<u(V), V<V gives 1(i)ci(v) and
1¢1(v). Thus, 1€1(V)] and this means that V(1) €V which
confirms that all hom-sets are empty. Thus, al functions are empty, in
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the diagram, in a way that makes it trivially commutative regarding
this case.

Now, for the case where W(I) SV, it’s easy to see that all related
hom-sets are singletons. Therefore, we have:
(#odrg o #)(V(D) > V)

=+ (0w (#vD > )))
=+ (prp (V) 5V 7))
=+ (e (VD) > 7)) = (151(7))

=1 1(V)os1(Vv)=1s1(V)

= ¢:.'P(v(f )o V)
This shows that » o ¢, oo # = ¢;p and that’s what is required to
prove the commutativity of the diagram.
According to what’s stated above we deduce that the triple {W,1, ¢}

forms an adjunction from the category of radical ideals in
k[x,,--,x,] to the category of affine algebraic setsin Aj.

k]  [mk]
2.3 Unit and Counit of AS — RI:

Due to the categorical isomorphism in [10] we can deduce that the
unit of the adjunction is the following identity transformation:

(‘T: il —'}lnf=][.,u)= @p:1=1) ®wa
R L] vIe RI
in which every component 1,1: I = I isa universal arrow form I to the
functor 1.
On the other hand, the same goes for the counit:
(£= Iy:leg > Vel= hu])= (gg:V=V) mu
AS AS

As VVE AS
and again every component I,V:¥ =¥ of which is a couniversal
arrow form affine algebraic set V' to the functor V.

Finally, we conclude this section with the following diagram:

52



Damascus University Journal for BASIC SCIENCESVal. 29, No 2, 2013

counit unit
k]  [nk
3-Extending into The Form AS — Id:
Let’s start by extending both I and % contravariant functors in the

following manner, respectively:
[nkl ; Inkl . [nkl nkl g g [nil o [nil
AS — Rl —Id, V:ild — RI —AS
The following work is now dedicated to extend the previous
adjunction given before into a new one which has the following form:
[nk]  [nk]
(V,Lo): AS — Id
At this point, we face certain difficulties with constructing the
function @ which gives the bijection ¢, for every idea I, not
necessarily radical, and every affine algebraic set V. The reason for
that is the lack of ability to use Hilbert’s nullstellensats merely
because applying, it in this case, does not necessarily make ¢, .. a
bijection! Thus, we’ll apply different approach in order to do so by
constructing a suitable natural transformation in a way which
formalize an anticipated unit in the following section:
3.1 Establishing the Unit:
In [10], the following natural transformation was created:

x: g — an)= (x;:1 = (o V)I=Radl) ®wu

Ia vIe Id
Now, if ¥ is an arbitrary affine algebraic set in A% such that I € I(V)
then, we have ¥(I(¥)) € v(I). Thus, ¥ € V(I), which leads to the

following diagram:
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[n.kx]
Id ‘T/ \
V

I Radl = (Ro W) -o---------
iy

-~ 31
AS V() <-----2----- v

with a universa property: for al arrows I < I(V) in the category of
al ideals, whereas V' is any affine algebraic set, there exists a unique
arrow ¥V < W(I) in the category of affine sets which completes the
commutativity of the diagram above i.e. the following holds:

1I(V o V(I))o x, = (Radl © I(V)) o x; = (I © 1(V))

What is stated above confirms that the pair {V, x,:I < RadI), for all
ideals I, is universal form I to the contravariant functor 1.

3.2 Towardsthe extended adjunction:
Now that every component of the natural transformation yx is a

universal arrow as stated in the previous section, it is evident that the
triple {W,L, x) formalizes an adjunction from the category of ideals in

k[x,,--,x,] to the category of affine algebraic sets in the n-affine
space A3 which is shown in the following diagram of categories and

functors and natura transformations that contributed in our
construction:
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ol = S = To
Vol - |\_/£ T 1d 2 &vl; IoW
double ‘ Vy In T unit
counit I, |

T
v

It’s obvious that we established two pairs of adjoint functors which
are distinguished, in the diagram above, using the unit as subscript
where ¥, - I, is an adjunction arising from the following categorical

isomorphism:
[nid Ikl
AS & RI

while ¥, 4 L, is the extended adjunction.
4-Consequent results:
4.1 Thefunction ¢*:
The extended adjunction gives rise to a function ¢* maps every
ordered pair {I,¥) consists of an idea I € k[x,,--,x,] and affine
algebraic set V € A to the following bijection:
Ir k] w [mk]
¢F,: AS (V(D),V) — Id (L,1(V))

which is exactly the generdization of the bijection ¢, ;- that couldn’t
be reached, previoudy in §3, by applying Hilbert’s nullstellensatz. As
aresult we have the following equivalence:

(V) V) = (1€ 1(v))) o e

Ield Ve AS

Furthermore, ¢, is natural in both 7 and V. In other words, for every

arrow ! = [ we have the following diagram:
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[r.] n.k
P wseny 52 aw)
Lo )
[nk] [r.x]
i As (v(i).v) >1d (1,1(v))

¥

The naturality of #* in the first component 7, makes the previous
diagram commutative. Thus, the following holds:

*ogry o=y,
On the other hand, for every arrow ¥ < ¥, we also have the following
diagram:

v Sy T ke (1))
n

l | [rek] l . [r.x] 'F‘

v as(v)p) 1 (117))

Again the naturality of ¢* in the second component gives the
commutativity of the previous diagram:

* 0 'ﬁf v off = ﬁ?
Therefore, the previous formulae state that ¢* as a function with the

above equivalence is a natural transformation between the bifunctors:
[n.x] [nkl  [nk] [rk] [ni] [kl
AS(V—,—): Id X AS —>Set,  Id (—1-): Id X AS — Set

given in the following matter:
[re.ke] [kl
¢*: AS (V—,—) = Id (1)
42 Vo-Vy=1N
Using the properties of adjoint functors, we find by taking the
following natural transformations:
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(Vx:VoRad 5 V) = (Vy,:V(Radl) S V(1)) &
vie Id

(V:v=V)=(eV: V()= V() ®a

that the composition:

VoV=VoloV=Rado¥V >V
=W Vx

is the identity natural transformation on the contravariant functor V.
43 yleole=1;:

Considering the dual of our previous result, we obtain, in the course of
the following natural transformations:

(yI:Radol =1) = (xl.,: Rad(1(V)) = I(V})w:‘:s,u
(I 1= 1) = (Is,: I(V) = I(V))WE;:,;] B

that the composition:

I—>0I=0cVol=Radel —1
Iz xi

is the identity natural transformation on the contravariant functor I
which is obvious considering that both natural transformations Is and
xI are aso identities on L.

As an example, consider the special case where n =1 and the base
field is k = €. Thus, we have the affine complex line A} = € and the
polynomial ring in one variable €[z] which forms a principal ideal
ringg Now assuming the ideal [I={(z+1) where
z2+1=(z—4)(z+4) € €[z] is clearly reducible and both ideals
{z — 4) and {z + 4) are radica which means that both components:
2+ 1) o {z—1), (z2+ 1) (z+4)

are universal from {z* + 1) to the contravariant functor I which gives
the following commutative diagram consisting of two commutative.
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Squares for all algebraic sets (finite subsets ¥ € €) in the affine line:

[.g] ; [1.c]
(z—1) é (V(z—14) = {iL.V) Foov >1d ((z —4),1(V))
T #; T l*{
) v [vel Plzspy 1
(z*+1) ; AS(V(z2+1) ={—4,4},V) ———1d ((z*+1),1(V))
n
[, ] :
[ Py A
(z+4) AS(V(z+4) = (—i},V) ——>1d ({(z+ 4, 1(V))
which leads to:

*° Peay ° i = Plaiyy = *~° Plarav °F
5-Table of Terminology:

[n.x] The preorder category of agebraic sets in an affine
AS: AL

[n.x] The preorder category of radical ideds in a
RI: polynomial ring k[x,, -, x,.].

[n.x] The preorder category of all ideals in a polynomial
Id : ring k[x,, -, x,.].

Inkl g =&l |The contravariant functor that maps each ideal in
Id — RI:|k[x,,,x,] toitsradica .

=kl . Inkl |The contravariant full incluson functor that maps
RI — Id: levery radical ideal in k[x,,-,x,] to itsalf.

[~k , [ne |The contravariant full functor that maps each
AS — RI' |ggebraic set to its corresponding radical ideal.

[kl o [ |The contravariant full functor that maps each radical
RI — AS' lided to its corresponding algebraic set.
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