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ABSTRACT 

Let M and N be two modules over a ring R. The object of this paper is the study 
of substructures of ),( NMomh R  such as, radical, the singular, and co-singular 
ideal and the total. The new obtained results include necessary and sufficient 
conditions the total of a ring R to equal some ideal of R. The main result states 
that: 
(a) ],[],[Tot NMNM ∆=  if and only if, ],[ NM  is −∆ semipotent, for any 

RodmNM −∈, . 
(b) ],[],[Tot NMNM ∇=  if and only if, ],[ NM  is −∇ semipotent, for any 

RodmNM −∈, . 
(c)If for a module RodmM −∈ , }0{)( =Γ M then ],[],[Tot NMINM =  if 

and only if, ],[ NM  is −I semipotent, for any RodmN −∈ . 
(d)If for a module RodmN −∈ , }0{)( =Γ N then ],[],[Tot NMINM =  

if and only if, ],[ NM  is I- semipotent, for any RodmM −∈ . 
Also, we characterize the modules V and W for which : 

(a) ],[],[Tot WMWM ∆=  and ],[],[Tot NVNV ∆=  for all RodmNM −∈, . 
(b) ],[],[Tot WMWM ∇= and ],[],[Tot NVNV ∇=  for all RodmNM −∈, . 
(c) ],[],[Tot WMIWM = and ],[],[Tot NVINV =  for all RodmNM −∈, . 

 
Key Words: ),,( −Ι∇−−∆ Semipotent Rings, −0I Rings, 

−0I modules, The total, Jacobson radical, (co) 
singular ideal, Endomorphism rings, 

),( NMomh R . 
 



Hakmi -  On ),,( −Ι∇−−∆  semipotent and the total of rings and modules 

 10

),,( ∆−∇−−I مودولاتحول الحلقات وال   

وتالدة والته الجامشب  
  

  حمـزة حاكمـي
   سورية– جامعة دمشق- كلية العلوم– الرياضياتقسم 

  

 18/04/2010تاريخ الإيداع 

  27/09/2010 قبل للنشر في
 

  صالملخ
إن الغاية من هذه الورقة هو متابعة دراسة البنـى الجزئيـة   . R  مودولين فوق الحلقة  M, Nليكن

),(للمودول   NMomh R         نتـائج  .  مثل الأساس والمثالي المنفرد والمثالي المنفرد الثنوي والتوتـال

جديدة تم الحصول عليها فعلى سبيل المثال تم إيجاد الشرط اللازم والكافي كي يكون التوتال لحلقـة مـا                   

  :النتائج الرئيسية في هذا العمل هي. يساوي مثالياً معيناً لهذه الحلقة

1. ],[],[Tot NMNM ],[ عندما وفقط عندما     =∆ NM   شبه جامد وذلك لأجـل      −∆ هو 

RodmNMأي  −∈,. 

2. ],[],[Tot NMNM ],[ عندما وفقط عندما     =∇ NM   شبه جامد وذلك لأجل     −∇ هو 

RodmNMأي  −∈,. 

RodmMإذا كان لأجل المـودول   .3 −∈، }0{)( =Γ M فـإن  ],[],[Tot NMINM = 

],[عندما وفقط عندما  NM هو I− شبه جامد وذلك لأجل أي RodmN −∈. 

RodmNإذا كان لأجل المودول  .4 −∈، }0{)( =Γ Nفإن  ],[],[Tot NMINM = 

],[عندما وفقط عندما  NM هو I− شبه جامد وذلك لأجل أي RodmM −∈.  

WVالمودولات فضلاً عن ذلك فقد وصفت    : التي من أجلها,

1. ],[],[Tot WMWM Tot NVNV],[],[ و=∆ RodmNM وذلك لأجل أي =∆ −∈,. 

2. ],[],[Tot WMWM Tot NVNV],[],[ و=∇ RodmNM وذلك لأجل أي =∇ −∈,. 

3. ],[],[Tot WMIWM Tot NVINV],[],[ و= RodmNM وذلك لأجل أي = −∈,. 

ــةال ــات  :كلمــات المفتاحي ),,(الحلق ∆−∇−−I 0، شــبه الجامــدةI−ــة ، حلق
0I−حلقة ، المثالي المنفرد ، أساس جاكبسون ، التوتال، مودول

),(، التشاكلات لمودول NMomh R.  
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1- Introduction 
In this paper rings R are associative with identity unless otherwise 

indicated. All modules over a ring R unitary right modules. A 
submodule N of a module M is said to be small in M if MKN ≠+  for 
any proper submodule K of M, [4]. A submodule N of a module M is 
said to be large (essential) in M if 0≠∩ KN  for any nonzero 
submodule K of M, [4]. If M  is an −R module, the radical of M. 
denoted by )(MJ , is defined to be the intersection of all maximal 
submodules of M. Also, )(MJ  coincides with the sum of all small 
submodules of M. It my happen that M  has no maximal submodules 
in which case =)(MJ M,[11]. Thus, for a ring R, )(RJ  is the 
Jacobson radical of R. For a submodule N of a module M, we use 

MN ⊕⊆  to mean that N is a direct summand of M, and we write 
MN e≤  and MN <<  to indicate that N is a large, respectively 

small, submodule of M. If RM  is a module, we use the notation 
=ME )(MEndR  and we write:  

})(;:{ MKerEE eMM ≤∈=∆ ααα , ;:{ MM EE ∈=∇ αα })( MmI <<α  
and )}()(;:{)( MJmIEEI MM ⊆∈= ααα . It is will known that 

ME∆ , ME∇  and )( MEI are ideals in ME , [4]. It is easy to see that 
)( MM EIE ⊆∇ . If RM  and RN  are modules, we use 

),(],[ NMomhNM R= . Thus ],[ NM is an −),( MN EE bimodule. Our 
main concern is about the substructures of ),( NMomh R and the 

),,( −Ι∇−−∆  semipotent of ),( NMomh R (see [14]). 
The total is a concept that was first introduced by F. Kasch 1982, 

2002[5], and Y. Zhou [14] in 2009. In the study of the total, one of the 
interesting questions is when the total equals the Jacobson radical, 
the singular ideal and the co-singular ideal. In section, )2(  it is proved 
that IR =)(Tot  if and only if, R is an I-semipotent ring and the ideal I 
contains no nonzero idempotents. In section (3), it is proved that a 
quasi-projective module P is a semipotent if and only if, PE  is anI-
semipotent ring. Interesting corollaries are obtained in this section. In 
particular, =],[Tot NM ]},[allfor )(Tot ];,[:{ MNENM M ∈∈∈ ββααα . 
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In section (5), it is proved that ],[ NM  is −∆ semipotent if and only if, 
=],[Tot NM  ],[ NM∆ . Also, in this section we characterize the 

modules V and W for which ],[],[Tot NVNV ∆=  and 
],[],[Tot WMWM ∆=  for all RodmMN −∈, . The main result 

states that VE  is −∆ semipotent if and only if, =],[Tot NV  ],[ NV∆  
for all RodmN −∈ . Also, in this section it is proved that ],[ NM  is 
−∇  semipotent if and only if, ],[],[Tot NMNM ∇= . Also, in this 

section, we characterize the modules V and W for 
which ],[],[Tot NVNV ∇= and ],[],[Tot WMWM ∇=  for all 

RodmNM −∈, . The main result states that VE  is −∇  semipotent if 
and only if, ],[],[Tot NVNV ∇=  for all RodmN −∈  if and only if, 

],[],[Tot VMVM ∇=  for all RodmM −∈ . 
2- (I -) Semipotent Rings 

Recall that a ring R is a semipotent ring, also called −0I ring by 
Nicholson [6], Hamza [3], if every principal left (resp. right) ideal not 
contained in J(R) contains a nonzero idempotent. Examples of these 
rings include: (a) Exchange ring (see [8, Proposition 1.9], a ring R is 
exchange if for each Ra∈  there exists Ree ∈=2  such that 

Raaea )( 2 −∈− ). (b) Endomorphism rings of injective modules (see 
[6, Proposition 1.4]). (c) Endomorphism ring of regular modules in 
the sense Zelmanowitez [15], (see [3, Corollary 3.6]). Let N and L are 
submodules of a module RM . N  is called a supplement of L  in M  if 

MLN =+  and LN ∩  is small in N. N is said to be a supplement 
submodule of M if N is a supplement of some submodule of M. 

Theorem 2.1. For any ring R the following conditions are 
equivalent: 

(1) R is a semipotent ring.  
(2) For any Ra∈  there exists Rx∈≠0 such that axRR  has a 

projective cover (as a right R-module). 
(3) For any Ra∈  there exists Rx∈≠0 such that axR  has a 

supplement in RR (as a right R- module) which also has a supplement. 
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Proof. )2()1( ⇒ . Let Ra∈ , if )(RJa∈ then for any Rx∈ the 
natural epimorphism axRRR →  is a projective cover of axRR . 
Suppose )(RJa∉  then xaxx =  for some 0≠x . Let axe = , then 

0≠e  is an idempotent in R  and eRaxR = . Since axRRRe ≅− )1(  
we have axRR  has a projective cover. )3()2( ⇒  follows by [2, 
Proposition 1.4]. )1()3( ⇒ . Let Ra∈ , )(RJa∉  then there exists 

Ry∈ such that ayR has a supplement L which has also a supplement, 
by [2, Proposition 1.4], ayR  has a supplement K  which is a direct 
summand of R . Thus KayRR +=  and by [2, Proposition 1.2] there 
exists a direct summand eR  of R , aRayReR ⊆⊆ , where e  is a non-
zero idempotent of R. Thus, R is a semipotent ring.  

If T is a left ideal or right ideal of R, we say that idempotents lift 
module T if, whenever Taa ∈−2 , Ra∈  there exists Ree ∈=2  such 
that .Tae ∈−  Nicholson in [9] gave an example of a commutative 
semipotent ring where idempotents do not lift modulo )(RJ , (See [9, 
Example 25]). Therefore, we extend this notion as follows: 

Lemma 2.2. The following statements are equivalent for a right 
ideal T  of R: 

(1) If Taa ∈−2  there exists aRee ∈=2 , Te∉ . 
(2) If Taa ∈−2  there exists Raee ∈=2 , Te∉ . 
Proof. Suppose (1) holds. Then axee ==2  for some Rx∈  and 

.Te∉ We put xaxy =  then yaf = is an idempotent of R and Raf ∈  
and .Tf ∉ )1()2( ⇒  is analogous. 

We say that a right ideal T of a ring R is weakly lifting, or that 
idempotents lift weakly modulo T, if the conditions in lemma 2.2 are 
satisfied. The definition for left ideals is analogous. 

Proposition 2.3. For any ring R the following conditions are 
equivalent: 

(1) R is a semipotent ring. 
(2) )(RJRR =  is a semipotent ring and )(RJ  is weakly lifting. 
Proof. Suppose (1) holds. It is clear that )(RJR  is a semipotent 

ring. Let ∈− aa 2  )(RJ  then Ra∈ , )(RJa∉  and xaxx =  for some 
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Rx∈≠0 . Thus, aRaxe ∈=  and Ree ∈=≠ 20 . This shows that 
)(RJ  is a weakly lifting. )1()2( ⇒ . Let Ra∈ , )(RJa∉ , since R  is 

semipotent there exists ∈=≠ ff
2

0  Ra  therefore xarf +=  for 
some Rr ∈ , )(RJx∈ . By our hypothesis there exists 

fRee ∈=≠ 20 . Suppose fye =  for some Ry∈ , then xyarye += . 
On the other hand, since )(RJxy∈  then xy−1  has an inverse Rb∈ . 
Thus, xybarybeb += , ebarybeebe )1( −−=  and earybee = . 
Suppose arybeg =  then aRgg ∈=≠ 20 , so R is semipotent. 

The semipotent rings are generalized as following: 
Lemma 2.4. [9, Lemma 19]. The following conditions are 

equivalent for an ideal I of a ring R : 
(1) If IT ⊄  is a right (resp. left) ideal there exists ITee \2 ∈= . 
(2) If Ia∉  there exists IaRee \2 ∈= (resp. IRaee \2 ∈= ). 
(3) If Ia∉  there exists Rx∈  such that Ixaxx ∉= . 
Let R be a ring and I is an ideal of R, recall R is an I- semipotent 

[9], if the conditions in lemma 2.4, are satisfied. 
Corollary 2.5. Let I be an ideal of a ring R. If R  is I- semipotent 

then IRJ ⊆)( . 
Proof. Suppose IRJ ⊄)( there exists )(RJa∈ , Ia∉ , so 

Ixaxx ∉=  for some Rx∈ . Since 0≠x  then )()(0 2 RJaxax ∈=≠  
this is a contradiction. 

Proposition 2.6. Let I be an ideal of a ring R. The following 
statements are equivalent: 

(1) R is an I- semipotent ring. 
(2) IR  is a semipotent ring with 0)( =IRJ  and I  is weakly lifting. 
Proof. Suppose (1) holds. First we prove that 0)( =IRJ . Assume 

0)( ≠IRJ  then there exists )(0 IRJa ∈≠ . So Ra∈ , Ia∉  
therefore Ixaxx ∉=  for some Rx∈ . Thus, )(.).(0 2 IRJxaxa ∈=≠  
a contradiction, so .0)( =IRJ It is clear that IR  is semipotent. 
Finally, we prove that I is a weakly lifting. Let aa −2  I∈  then 

.\ IRa ∈ Since R is I-semipotent there exists Ry∈ , Iyayy ∉= , so 
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aRayay ∈=≠ 2)(0 , and Iay∉ . )1()2( ⇒ . Let IRa \∈ then 
IRa ∈≠0 . Since IR  is semipotent and 0)( =IRJ  then xaxx ..=  

for some IRx ∈≠0 . Since Iaxax ∈−2)(  and I is a weakly lifting 
there exists aRaxRee ⊆∈=≠ 20  and Ie∉ , so R  is I- semipotent. 

Following [14], the total of a ring R  is  
aRRaaR ;:{)(Tot ∈= contains no nonzero idempotents}  
RaRaaR ;:{)(Tot ∈= contains no nonzero idempotents}  

Y. Zhou, proved that, for a ring R, )()(Tot RJR =  if and only if R 
is a semipotent, [14، Theorem 2.2]. For an I- semipotent ring we 
have: 

Theorem 2.7. Let I be an ideal of a ring R. The following 
statements are equivalent: 

(1) IR =)(Tot . 
(2)R is an I-semipotent ring and I contains no nonzero idempotents. 
(3) IR  is a semipotent and 0)( =IRJ  with I contains no nonzero 

idempotents and I  is weakly lifting. 
Proof. )2()1( ⇒ . It is clear that I contains no nonzero idempotents. 

Let IRa \∈  then )(Tot a R∉ . So aR contain a nonzero idempotent. 
This shows that R  is an I- semipotent ring. )1()2( ⇒ . Suppose that 

IR ≠)(Tot , Since )(Tot RI ⊆  there exists )(Tot Ra∈  such that 
.Ia∉ So, for some Rx∈ , Ixaxx ∉=  and ∈=≠ axax 2)(0  aR, a 

contradiction. )3()2( ⇔ . By proposition 2.6. 
3- Semipotent Modules 

Let RM  be a module and MK ⊕⊆ , then )(MJK ⊆  if and only if 
)(MJK ∩  )(KJ= . Putting })(;:{)( KKJMKKM =⊆=Γ ⊕ . Note 

that for any projective module P, }0{)( =Γ P . In addition to, if 
MMJ <<)( (or M is finitely generated) for some RodmM −∈  then 
}0{)( =Γ M . 

 Let RM  be a module, letting )}()(;:{)( MJmIEEII MM ⊆∈== ααα .  
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It is clear that )( MEII =  is an ideal in ME  and 
)(;:{)( MMM EIEEI ∈∈= βααα for all }ME∈β  )(;:{)( MMM EIEEI ∈∈= αβαα   

for all }ME∈β  
Recall a module RM  is a semipotent module also, called −0I  

module [3], weakly regular module [1] if, each submodule of M  not 
contained in )(MJ  contains a direct summand N  of M , )(MN Γ∉ . 

Lemma 3.1. Let RM  be a semipotent module. The following holds: 
(1) Every submodule N of M such that )()( MJNNJ ∩=  is 

semipotent. 
(2) Every direct summand of M is semipotent. 
(3) Every supplement submodule of M is semipotent. 
Proof. (1). Let N be a submodule of M with )()( MJNNJ ∩= and 

A be a submodule of N, )(NJA ⊄  then A is a submodule of M and 
)(MJA ⊄ . So there exists MK ⊕⊆ , )(MK Γ∉  and AK ⊆  

therefore DKM ⊕=  for some submodule D of M. Since NAK ⊆⊆  
then )( DNKN ∩⊕= . Thus, NK ⊕⊆  and )(NK Γ∉ . So N is 
semipotent. (2). Since for any direct summand H of M 

)()( MJHHJ ∩=  then by (1), H is semipotent. (3). Let N be a 
supplement submodule of M, by [13, 41.1] we have 

)()( MJNNJ ∩= , by (1), N is semipotent. 
A module RP  is called a quasi-projective module [12] if given an 

epimorphism ],[ MP∈β  and any morphism ],[ MP∈α  there exists 

PE∈λ  such that αβλ = . For a quasi-projective module we have the 
following: 

Theorem 3.2. For any quasi-projective module RP the following 
statements are equivalent: 

(1) P is a semipotent module. 
(2) For any PE∈α , )( PEI∉α , )(αmI contains a direct summand 

N of P such that )(PN Γ∉ . 
(3) PE  is an I- semipotent ring. 
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Proof. )2()1( ⇒ . It is clear. )3()2( ⇒ . Let )(\ PP EIE∈α  then 
)()( PJmI ⊄α and there exists PN ⊕⊆ , )(αmIN ⊆  and )(PN Γ∉ . 

Let γ  be the projection of P on to N, then NmI =)(γα , so there 
exists PE∈β  such that γβαγ = . We put γβµ = , then 

)( PEI∉= µµαµ . Because if )( PEI∈µ  then ∈== γβαγγγγ  
)( PEI  that is )(PN Γ∈  a contradiction. So, PE  is I-semipotent. 

)1()3( ⇒ . Let A  be a submodule of P, )(PJA ⊄  then DA ⊄  for 
some maximal submodule D of P, and PDA =+ . By [10, Lemma 
1.1] there are PEgf ∈,  such that gf +=1  and AfmI ⊆)( , 

DgmI ⊆)( . It is clear that )( PEIf ∉ . By assumption there exists 

PE∈ϕ  such that )( PEIf ∉= ϕϕϕ .Since ϕϕ ff =2)(  then 
)( ϕfmI  P⊕⊆ , AfmI ⊕⊆)( ϕ  and )()( PfmI Γ∉ϕ . So, P is 

semipotent.  
Corollary 3.3. For any quasi-projective module P the following are 

equivalent: 
(1) P is a semipotent module and }0{)( =Γ P . 
(2) PE is an I- semipotent ring and }0{)( =Γ P . 
(3) )()(Tot PP EIE = . 
Proof. )2()1( ⇔ . By Theorem 3.2. )3()2( ⇔ . By Theorem 2.7 

because }0{)( =Γ P  if and only if )( PEI  contains no nonzero 
idempotents. 

Corollary 3.4. Let P  be a quasi-projective module with 
PPJ <<)( . The following statements are equivalent: 

(1) P is a semipotent module. 
(2) For any PE∈α , )( PEJ∉α  there exists PN ⊕⊆≠0 , )(αmIN ⊆ . 
(3) PE  is a semipotent ring. 
(4) )()()(Tot PPPP EIEEJE =∇== . 
Proof. )3()2()1( ⇔⇔ . As in Theorem 3.2، because for a quasi-

projective module with PPJ <<)( , )()( PPP EIEEJ =∇=  by [11, 
Lemma 2]. )4()3( ⇔  By [14, Theorem 2.2].  
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A module RP  is called a direct-projective module [8] if, given any 
direct summand N of P  with projection NP →:π  and any 
epimorphism NP →:α  there exists PE∈β  such that πβα =. . If P 
is a direct-projective module then )( PP EJE ⊆∇  (see [8, Theorem 
3.1]). For direct projective modules we have the following: 

Proposition 3.5. Let RP be a direct-projective module. If P is 
semipotent then: 

(1) PE  is an I- semipotent ring. 
(2) )()( PP EIEJ ⊆ . 
Proof. (1). Let PE∈α , )( PEJ∉α  then there exists PN ⊕⊆ , 

)(PN Γ∉  and )(αmIN ⊆ . Let γ  be the projection of P on to N , 
then )()( αγγ mImIN == . Since P  is a direct-projective there 
exists PE∈β such that γβαγ = . Putting γβµ =  then PE∈≠ µ0 , 

µµαµ =  and )( PEI∉µ , because if, )( PEI∈µ  then 
)( PEI∈= γβαγγ , thus )()( PJmIN ⊆= γ this means that 

)(PN Γ∈ , a contradiction. This shows that PE  is I- semipotent. (2). 
By Corollary 2.5. 

Corollary 3.6. Let RP  be a direct-projective module. If P  is a 
semipotent and PPJ <<)(  then PE  is a semipotent ring. 

Proof. We have by [8, Theorem 3.1], )( PP EJE ⊆∇  and by 
proposition 3.5, )()( PP EIEJ ⊆ . Since PPJ <<)(  then 

PP EEI ∇=)(  thus )()( PPP EIEEJ =∇= , so PE  is a semipotent 
ring. 

A module RP  is called −π  projective [10] if, for any two 
submodules VU ,  of P  with VUP += ; ],[],[ VPUPEP += . For a 
−π  projective modules we have the following: 
Proposition 3.7. Let RP  be a −π projective module. The following 

statements are equivalent: 
(1) P  is a semipotent module. 
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(2) For any PE∈α , )( PEI∉α  there exists PN ⊕⊆ , 
)(PN Γ∉ and )(αmIN ⊆ . Proof. )2()1( ⇒ . It is clear. )1()2( ⇒ . 

Let A  be a submodule of P , )(PJA ⊄  then there exists a maximal 
submodule M  of P, MA ⊄  therefore .MAP +=  Since P  is a −π  
projective there are PE∈βα ,  such that βα +=1  and AmI ⊆)(α , 

.)( MmI ⊆β It is clear that )()( PJmI ⊄α , because if ⊆)(αmI  
)(PJ . we have PMMPJmImIP ⊆⊆+⊆+= )()()( βα thus ,MP = a 

contradiction. By assumption AmI ⊆)(α  contains a direct summand 
N  of P, )(PN Γ∉ . So P  is a semipotent module.  

Corollary 3.8. Let RP  be a −π projective module. If PE  is an 
−I semipotent ring the following hold: 
(1) For any PE∈α , )( PEI∉α  there exists PN ⊕⊆ , )(PN Γ∉  

and )(αmIN ⊆ . 
(2) P  is a semipotent module. 
Proof. (1). Let )(\ PP EIE∈α  then there exists )(\ PP EIE∈γ  

such that γαγγ = . Since PE∈=≠ γαγα 2)(0  then PmI ⊕⊆)( γα , 
)()( PmI Γ∉γα  and ⊆)( γαmI  )(αmI  . (2). By (1) and proposition 3.7. 

Proposition 3.9. For any projective module RP  the following 
statements are equivalent: 

(1) P  is a semipotent module and .)( PPJ <<  
(2) PE  is a semipotent ring. 
(3) For any PE∈α , )( βαmIP  has a projective cover for some 

PE∈≠ β0 . 
(4) For any PE∈α , )( βαmI  has a supplement which also has a 

supplement for some PE∈≠ β0 . 
Proof. )2()1( ⇔ . By[3, Theorem 3.5]. )3()2( ⇒ . Suppose that PE  

is a semipotent then by theorem 2.1 for any PE∈α  there exists 

PE∈≠ β0  such that PP EE )( βα  has a projective cover and by [2, 
Proposition 2.9] )( βαmIP  has a projective cover. )2()3( ⇒  
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follows immediately from [2، Proposition 2.9] and theorem 2.1. 
)4()3( ⇔ . By [2, Proposition 1.4].  

Lemma 3.10. Let RM  be a module with ME  is a semipotent ring 
then: 

(1) )( MM EJE ⊆∇  and )( MM EJE ⊆∆ . 
(2) If }0{)( =Γ M  then )()( MM EJEI ⊆ . 
(3) If MMJ <<)(  then )()( MMM EJEIE ⊆=∇ . 
Proof. (1). Let ME∇∈α  then MmI <<)(α . Suppose that 

)( MEJ∉α  then αβββ =  for some ME∈≠ β0 . Let βαγ =  then 

ME∈=≠ γγ 20  and MmI <<)(γ , hence )()( αγ mImI ⊆ . 
Therefore 0)1()()( =−∩= γγγ mImImI , thus 0=γ  this is a 
contradiction, hence )( MEJ∈α  and )( MM EJE ⊆∇ . Let MEg ∆∈  
then )(gKer  is large in M . Suppose that )( MEJg ∉  then µµµ g=  
for some ME∈≠ µ0 . Let gµν =  then ME∈=≠ νν 20  and 

)()( νKergKer ⊆ , therefore 0)()( =∩ νmIgKer  thus 0)( =νmI , 
hence )(gKer  is large in M and 0=ν  this is a contradiction, hence 

)( MEJg ∈  and )( MM EJE ⊆∆ .  
(2). Suppose that }0{)( =Γ M . Let )( MEI∈α  then 

)()( MJmI ⊆α . Suppose that )( MEJ∉α  then γαγγ =  for some 

ME∈≠γ0 . We put γα=g  then ∈=≠ gg 20  ME , MgmI ⊕⊆)(  
and )()( MJgmI ⊆  therefore }0{)()( =Γ∈ MgmI , so 0)( =gmI  
and g = 0 this is a contradiction. Thus )( MEJ∈α . (3). It is clear. 

It is known that for any module RM , )( MM EIE ⊆∇ . No, if ME  is 
an I- semipotent ring we have the following: 

Lemma 3.11. Let RM  be a module with ME  is an I-semipotent 
ring then: )()( MM EIEJ ⊆  and )( MM EIE ⊆∆ . 

Proof. By Corollary 2.5 we have )()( MM EIEJ ⊆ . Let ME∆∈α  
then eKer ≤)(α  M. Suppose )( MEI∉α then γαγγ = for 
some ME∈≠γ0 , )( MEI∉γ . Let αγν =  then ME∈=≠ νν 20  and 
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)()( να KerKer ⊆ , therefore 0)()( =∩ νmIgKer  thus 0)( =νmI , so 
0=ν  this is a contradiction, hence )( MEI∈α  and )( MM EIE ⊆∆ . 

4. Semipotent ],[ NM . 
Following [14], let RM , RN  are modules and 

),(],[ NMomhNM R= , then ],[ NM  is an −),( MN EE bimodule. 
• The Jacobson radical. 

)(];,[:{],[ MEJNMNMJ ∈∈= αβαα  for all ]},[ MN∈β  
)(];,[:{],[ NEJNMNMJ ∈∈= βααα  for all ]},[ MN∈β  

Thus )(],[ MEJMMJ = . In particular )(],[ RJRRJ = . 
• The singular ideal. 

})(];,[:{],[ MKerNMNM e≤∈=∆ ααα  
• The co-singular ideal. 

})(];,[:{],[ MmINMNM <<∈=∇ ααα  
• The total. 

ααα ],[];,[:{],[Tot MNNMNM ∈=  contains no nonzero 
idempotent }  

],[];,[:{],[Tot MNNMNM ααα ∈=  contains no nonzero 
idempotent }  

Lemma 4.1. Let RM , RN  be modules then: 
(1) )(Tot ];,[:{],[Tot MENMNM ∈∈= αβαα  for all 

]},[ MN∈β . 
(2) )(Tot ];,[:{],[Tot MENMNM ∈∈= βααα  for all 

]},[ MN∈β . 
Proof. (1). Let ],[Tot NM∈α . suppose that )(Tot ME∉αβ  for 

some ],[ MN∈β  then there exists ME∈γ  such 
that ME∈=≠ 2)]([)(0 βαγβαγ . Since ],[ MN∈βγ  then 

ααγβαβγ ],[])[()(0 2 MN∈=≠ , a contradiction. Let ],[ NM∈α  
such that )(Tot ME∈αβ  for all ]},[ MN∈β . Suppose that 

]N[M,Tot ∉α  then α],[ MN  contains a nonzero idempotent. So 
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there exists ],[ MN∈γ  such that =≠ αγ0  ME∈2)( αγ  
and ME)( αγαγ ∈ , so )(Tot ME∉αγ , is a contradiction. Similarly 
(2) holds. 

Lemma 4.2. [14, Lemma 2.1]. Let RM , RN  be modules. The 
following statements are equivalent: 

(1)If ],[\],[ NMJNM∈α there exists ],[ MN∈β  such that 

ME∈=≠ 2)(0 βαβα . 
(2)If ],[\],[ NMJNM∈α there exists ],[ MN∈β such that 

NE∈=≠ 2)(0 βαβα . 
(3) If ],[\],[ NMJNM∈α  there exists ],[ MN∈γ  such that 

],[ MNJ∉= γγαγ . 
Following [14], recall that ],[ NM  is a semipotent if, the 

conditions in lemma 4.2, are satisfied. 
Lemma 4.3. Let RM , RN  be modules and ],[ NM  is semipotent 

then: 
(1) ],[],[ NMJNM ⊆∆  and ],[],[ NMJNM ⊆∇ . 
(2) If }0{)( =Γ M  then ],[],[ NMJNMI ⊆ . 
(3) If }0{)( =Γ N  then ],[],[ NMJNMI ⊆ . 
Proof. Suppose that ],[ NM  is semipotent. 
 (1). Let ],[ NM∆∈α  then MKer e≤)(α . Suppose that 

],[ NMJ∉α  then there exists ],[ MN∈β such that 

ME∈=≠ 2)(0 βαβα . Since )()( αβα KerKer ⊆  then 
0)()()()( =∩⊆∩ αβαβαβα mIKermIKer . Thus, 0)( =αβmI  

and 0=βα  this is a contradiction. Hence ],[ NMJ∈α . (2). Suppose 
that }0{)( =Γ M . Let ],[ NMI∈α  then )()( NJmI ⊆α . Assume that 

],[ NMJ∉α  then there exists ],[ MN∈β  such that 

ME∈=≠ 2)(0 βαβα . So MmI ⊕⊆)( αβ  and ⊆)( αβmI  )(MJ  
thus }0{)()( =Γ∈ MmI αβ , so 0=βα  is a contradiction. Thus 

],[ NMJ∈α . Similarly, (3) holds.  
Proposition 4.4. Let RM , RN  be modules, the following hold: 
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(1) If )()(Tot MM EJE =  then ],[],[Tot NMJNM = . 
(2) If )()(Tot NN EJE =  then ],[],[Tot NMJNM = . 
(3) If ME  is a semipotent ring then ],[ NM  is a semipotent. 
(4) If NE  is a semipotent ring then ],[ NM  is a semipotent. 
Proof.(1). Suppose that )()(Tot MM EJE = . It is clear that 

],[Tot],[ NMNMJ ⊆ . Let ],[Tot NM∈α then by lemma 4.1 for 
any ],[ MN∈β , =∈ )(Tot MEαβ )( MEJ  so ],[ NMJ∈α . The 
proof of (2) is analogous. (3) Suppose that ME  is a semipotent ring 
then by [14, Theorem 2.2], )()(Tot MM EJE =  and by (1) 

],[],[Tot NMJNM =  a gain by [14, Theorem 2.2], ],[ NM  is 
semipotent. The proof of (4) is analogous.  

Remark. Y. Zhou [14], gave an example of two modules RM , RN  
such that ],[ NM  is semipotent, but neither ME , nor NE  is 
semipotent, (See [14, Example 4.9]). So in general, if 

],[],[Tot NMJNM =  then )()(Tot MM EJE ≠  and 
)()(Tot NN EJE ≠ . 

Following [14]. Let 
],[],[Tot  :{)( NMJNMRodmMR =−∈=Φ  for all 

}RodmN −∈  
],[],[Tot  :{)( NMJNMRodmNR =−∈=Γ  for all 

}RodmM −∈  
Corollary 4.5. [14, Theorem 4.5]. The following hold: 
(1) M :{)( ERodmMR −∈=Φ  is a semipotent ring} . 
(2) N :{)( ERodmNR −∈=Γ  is a semipotent ring} . 
(3) )()( RR Γ=Φ . 
Proof. (1)(⇒ ). If )(RM Φ∈  then )()(Tot MM EJE = , so ME  is 

semipotent by [14، Theorem 2.2]. (⇐ ). Let RodmM −∈  with ME  is 
a semipotent ring then for any RodmN −∈ ; ],[ NM  is semipotent by 
proposition 4.4, so )(RM Φ∈ . Similarly (2) holds. (3) By (1) and (2). 
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5. ),,( −Ι∇−−∆  Semipotent ],[ NM  
Proposition 5.1. Let RM , RN  be modules. 
(a) The following hold: 
(1) MENMNM ∆∈∈⊆∆ αβαα ];,[:{],[  for all ]},[ MN∈β . 
(2) NENMNM ∆∈∈⊆∆ βααα ];,[:{],[  for all ]},[ MN∈β . 
(b) If ],[],[Tot NMNM ∆=  then 
(1) MENMNM ∆∈∈=∆ αβαα ];,[:{],[  for all ]},[ MN∈β . 
(2) NENMNM ∆∈∈=∆ βααα ];,[:{],[  for all ]},[ MN∈β . 
Proof. (a). (1) Let ],[ NM∆∈α  then MKer e≤)(α , since for any 

],[ MN∈β ,  )()( αβα KerKer ⊆  then MKer e≤)( αβ  thus 

ME∆∈αβ . (2) Let ],[ NM∆∈α  then MKer e≤)(α . Let 
],[ MN∈β  and K be a submodule of N  such that 

0)( =∩ KKer βα . Since )()( βαβ KerKer ⊆  then 0)( =∩ KKer β . 
Let ∈y  )()( KKer βα ∩  then )(αKery∈ , so 0)( =yα  and 

)(Ky β∈  therefore )(xy β=  for some Kx∈ . 
So )()(0 xy βαα == thus )( βαKerx∈ , Kx∈ , so )( βαKerx∈  

0=∩K  thus 0=x , so 0)( =∈ xy β  thus, 0)()( =∩ KKer βα . Since 
MKer e≤)(α  follows that 0)( =Kβ  so )(βKerK ⊆  thus 

0)( =∩= KKerK β  so NKer e≤)( βα  thus NE∆∈βα . 
(b). Suppose that ],[],[Tot NMNM ∆= . (1) We have by (a)  

MENMNM ∆∈∈⊆∆ αβαα ];,[:{],[  for all ]},[ MN∈β  
Let ],[ NM∈α  such that ME∆∈αβ  for all ],[ MN∈β , suppose 

],[ NM∆∉α  then ],[Tot NM∉α  so there exists ],[ MN∈γ such 
that ME∈=≠ 2)(0 γαγα  therefore )()( αγαγ KermIM ⊕= . 
Since 0)()( =∩ αγαγ mIKer and eKer ≤)(γα  M  follows 0)( =γαmI , 
so 0=γα  a contradiction. Thus, ],[ NM∆∈α . Similarly (2) holds. 

Lemma 5.2. Let RM , RN  be modules. The following statements 
are equivalent: 
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(1) If ],[\],[ NMNM ∆∈α there exists ],[ MN∈β such that 

ME∈=≠ 2)(0 βαβα . (2) If ],[\],[ NMNM ∆∈α  there exists 
],[ MN∈β  such that NE∈=≠ 2)(0 αβαβ . 

(3) If ],[\],[ NMNM ∆∈α  there exists ],[ MN∈γ  such that 
],[ MN∆∉= γγαγ . Proof. Suppose (1) holds. Then 

ME∈=≠ 2)(0 βαβα  for some ],[ MN∈β . Let ],[ MN∈= βαβγ  
we have 0≠= γγαγ  and ],[ MN∆∉γ because 2)(0 αγαγ =≠ , 
giving (3). Suppose (3) holds, then ME∈=≠ 2)(0 γαγα  for some 

\],[ MN∈γ  ],[ MN∆  gives (1). Similarly, the equivalence )3()2( ⇔  
holds. 

We call that ],[ NM  is −∆ semipotent if the conditions in lemma 
5.2 are satisfied. 

Theorem 5.3. Let RM , RN  be modules. Then ],[ NM  is −∆  
semipotent if and only if, ],[],[Tot NMNM ∆= . In particular, ME  is 
a −∆ semipotent if and only if, MM EE ∆=)(Tot . 

Proof. )(⇒ . Suppose that ],[],[Tot NMNM ∆≠ . Since 
],[Tot],[ NMNM ⊂∆ , there exists ],[Tot NM∈α  such that 

],[ NM∆∉α . So, for any ],[ MN∈β either 0=βα  or 
2)( βαβα ≠ . Hence ],[ NM  is not −∆ semipotent. )(⇐ . If 

],[\],[ NMNM ∆∈α  then ],[Tot NM∉α . So 

NE∈=≠ 2)(0 βαβα  for some ],[ MN∈β . This shows that ],[ NM  
is −∆  semipotent. 

Let 
],[],[Tot :{)( NMNMRodmMR ∆=−∈=∆Φ  for all }RodmN −∈  
],[],[Tot :{)( NMNMRodmNR ∆=−∈=∆Γ  for all }RodmM −∈  

We define the following two sets: 
 (a) )(RS Φ∆ the set of all modules RodmM −∈  which satisfies 

the following two properties: 
(1) ME  is a −∆  semipotent ring. 
(2) For any RodmN −∈ ; 
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MENMNM ∆∈∈=∆ αβαα ];,[:{],[  for all ]},[ MN∈β . 
(b) )(RS Γ∆  the set of all modules RodmN −∈  which satisfies 

the following two properties: 
(1) NE  is a −∆  semipotent ring. 
(2) For any RodmM −∈ ; 

NENMNM ∆∈∈=∆ βααα ];,[:{],[  for all ]},[ MN∈β . 
Theorem 5.4. The following hold: 
(1) )()( RSR Φ∆=Φ∆ . 
(2) )()( RSR Γ∆=Γ∆ . 
(3) )()( RR Γ∆=Φ∆ . 
Proof. (1) )(⇒ . Let )(RM Φ∆∈  then for any RodmN −∈ ; 

],[],[Tot NMNM ∆=  by proposition 5.1(b). We have 

MENMNM ∆∈∈=∆ αβαα ];,[:{],[  for all ]},[ MN∈β  and it is 
clear that ME  is a −∆ semipotent ring, so )(RSM Φ∆∈ . 

)(⇐ . Let )(RSM Φ∆∈ . We have for any RodmN −∈ , 
],[Tot],[ NMNM ⊆∆ . Let ],[Tot NM∈α  then by lemma 4.1 for 

any ],[ MN∈β ; )(Tot ME∈αβ . Since ME  is −∆  semipotent then 
by theorem 5.3, MM EE ∆=)(Tot , so ME∆∈αβ  for all ],[ MN∈β  
thus, )(RM Φ∆∈ . 

(2) )(⇒ . Let )(RN Γ∆∈  then for any RodmM −∈ ; 
],[],[Tot NMNM ∆=  by proposition 5.1(b). we have 

NENMNM ∆∈∈=∆ βααα ];,[:{],[  for all ]},[ MN∈β and NE  
is a −∆  semipotent ring, so )(RSN Γ∆∈ . 

)(⇐ . Let )(RSN Γ∆∈ then for any RodmM −∈ we have 
],[Tot],[ NMNM ⊆∆ . Let ],[Tot NM∈α  by lemma 4.1 for any 

],[ MN∈β ; )(Tot NE∈βα . Since NE  is a −∆ semipotent ring then 
by theorem 5.3, NN EE ∆=)(Tot  so NE∆∈βα  for all ],[ MN∈β  
by assumption ],[ NM∆∈α . Thus, )(RN Φ∆∈ . (3). By (1) and (2). 

Proposition 5.5. Let RM , RN  be modules. 
(a) The following hold: 
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(1) MENMNM ∇∈∈⊆∇ αβαα ];,[:{],[  for all ]},[ MN∈β . 
(2) NENMNM ∇∈∈⊆∇ βααα ];,[:{],[  for all ]},[ MN∈β . 
(b) If ],[],[Tot NMNM ∇=  then 
(1) MENMNM ∇∈∈=∇ αβαα ];,[:{],[  for all ]},[ MN∈β . 
(2) NENMNM ∇∈∈=∇ βααα ];,[:{],[  for all ]},[ MN∈β . 
Proof. (a). (1) Let ],[ NM∇∈α then NmI <<)(α , so for any 

],[ MN∈β , MmI <<)( αβ  thus ME∇∈αβ .  
(2) Let ],[ NM∇∈α then NmI <<)(α , since for all ],[ MN∈β  

)()( αβα mImI ⊆  
then NmI <<)( βα  so NE∇∈βα . 
 (b). Suppose that ],[],[Tot NMNM ∇= . (1) We have by (a)  

MENMNM ∇∈∈⊆∇ αβαα ];,[:{],[  for all ]},[ MN∈β . 
Let ],[ NM∈α  such that ME∇∈αβ  for all ],[ MN∈β , suppose 

],[ NM∇∉α  then ],[Tot NM∉α  so there exists ],[ MN∈γ  such 
that ME∈=≠ 2)(0 γαγα  therefore .)(0 MmI ⊕⊆≠ αγ  Since 

ME∇∈γα ; MmI <<)( αγ so 0)( =αγmI  a contradiction. Thus, 
],[ NM∇∈α . Similarly (2) holds. 

Lemma 5.6. Let RM , RN  be modules. The following are 
equivalent: 

(1) If ],[\],[ NMNM ∇∈α  there exists ],[ MN∈β such that 

ME∈=≠ 2)(0 βαβα . (2) If ],[\],[ NMNM ∇∈α  there exists 
],[ MN∈β  such that NE∈=≠ 2)(0 αβαβ . (3) If 

],[\],[ NMNM ∇∈α  there exists ],[ MN∈γ  such that 
],[ MN∇∉= γγαγ . Proof. )3()1( ⇒ . Let ],[\],[ NMNM ∇∈α , 

then ME∈=≠ 2)(0 βαβα  for some ],[ MN∈β . Let βαβγ =  then 
],[ MN∈γ  and ],[ MN∇∉= γγαγ  because ME∇∉αβ . Suppose 

(3) holds، let ],[\],[ NMNM ∇∈α  then γαγγ =  for some 
],[\],[ MNMN ∇∈γ  so ME∈=≠ 2)(0 γαγα , gives (1). Similarly, 

the equivalence )3()2( ⇔  holds. 
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We call that ],[ NM  is −∇ semipotent if the conditions in lemma 
5.6 are satisfied. 

Theorem 5.7. Let RM , RN  be modules. ],[ NM  is −∇  semipotent 
if and only if, ],[],[Tot NMNM ∇= . In particular, ME  is a −∇  
semipotent if and only if, MM EE ∇=)(Tot . 

Proof. )(⇒ . Suppose that ],[],[Tot NMNM ∇≠ , 
Since ],[Tot],[ NMNM ⊂∇ , there exists ],[Tot NM∈α  such that 

],[ NM∇∉α . So, for any ],[ MN∈β  either 2)( βαβα ≠  or 
0=βα . Hence ],[ NM  is not −∇ semipotent. )(⇐ . If 

],[\],[ NMNM ∇∈α  then ],[Tot NM∉α . So NE∈=≠ 2)(0 αβαβ  
for some ],[ MN∈β . This shows that ],[ NM  is −∇  semipotent.  

Let 
],[],[Tot :{)( NMNMRodmMR ∇=−∈=Φ∇  for all }RodmN −∈  
],[],[Tot :{)( NMNMRodmNR ∇=−∈=Γ∇  for all }RodmM −∈  

We define the following two sets: 
 (a) )(RS Φ∇  the set of all modules RodmM −∈  which satisfies 

the following two properties: 
(1) ME  is a −∇  semipotent ring. 
(2) For any RodmN −∈ ; MENMNM ∇∈∈=∇ αβαα ];,[:{],[  for 

all ]},[ MN∈β . 
(b) )(RS Γ∇  the set of all modules RodmN −∈  which satisfies 

the following two properties: 
(1) NE  is a −∇  semipotent ring. 
(2) For any RodmM −∈ ; 

NENMNM ∇∈∈=∇ βααα ];,[:{],[  for all ]},[ MN∈β . 
Theorem 5.8. The following hold: 
(1) )()( RSR Φ∇=Φ∇ . 
(2) )()( RSR Γ∇=Γ∇ . 
(3) )()( RR Γ∇=Φ∇ . 
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Proof. (1) )(⇒ . Let )(RM Φ∇∈  then for any RodmN −∈ ; 
=],[Tot NM ],[ NM∇  by proposition 5.5(b) we have 

MENMNM ∇∈∈=∇ αβαα ];,[:{],[  for all ]},[ MN∈β . In 
addition to, ME  is a −∇ semipotent ring, so )(RSM Φ∇∈ . )(⇐ . Let 

)(RSM Φ∇∈ . We have for any RodmN −∈ , 
],[Tot ],[ NMNM ⊆∇ . Let ],[Tot NM∈α  then by lemma 4.1 for 

any ],[ MN∈β ; )(Tot ME∈βα . Since ME  is −∇ semipotent then by 
theorem 5.7 MM EE ∇=)(Tot , so ME∇∈βα  for all ],[ MN∈β  
thus, )(RM Φ∇∈ . 

(2) )(⇒ . Let )(RN Γ∇∈  then for any RodmM −∈ ; 
],[],[Tot NMNM ∇=  by proposition 5.5(b) we have 

NENMNM ∇∈∈=∇ αβαα ];,[:{],[  for all ]},[ MN∈β . In 
addition to, NE  is a −∇  semipotent ring, so )(RSN Γ∇∈ . 

)(⇐ .Let )(RSN Γ∇∈  then for any RodmM −∈  we 
have ],[Tot ],[ NMNM ⊆∇ . Let ],[Tot NM∈α  by lemma 4.1 for 
any ],[ MN∈β ; )(Tot NE∈βα . Since NE  is a −∇ semipotent ring 
then by theorem 5.7, NN EE ∇=)(Tot  so NE∇∈αβ  for all 

],[ MN∈β by assumption ],[ NM∇∈α . Thus, )(RN Φ∇∈ . (3). By 
(1) and (2). 

 
Let RM , RN  be modules. We put 

)}()(];,[:{],[ NJmINMNMI ⊆∈= ααα . Since any small 
submodule of N  contained in )(NJ  then ],[],[ NMINM ⊆∇ . If 

NNJ <<)(  then ],[],[ NMNMI ∇= . Thus  
)}()(;:{],[)( MJmIEMMIEII MM ⊆∈=== ααα . 

In particular for a ring R , )(],[],[)( RJRRJRRIRI === . A gain 
for a module RM  we put MKKM ⊕⊆=Γ ;{)(  and )}(MJK ⊆ . 

Proposition 5.9. Let RM , RN  be modules. 
(a) The following hold: 
(1) )(];,[:{],[ MEINMNMI ∈∈⊆ αβαα  for all ]},[ MN∈β . 
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(2) )(];,[:{],[ NEINMNMI ∈∈⊆ βααα  for all ]},[ MN∈β . 
(b) If ],[],[Tot NMINM =  and }0{)( =Γ M  then 

)(];,[:{],[ MEINMNMI ∈∈= αβαα  for all ]},[ MN∈β . 
(c) If ],[],[Tot NMINM =  and }0{)( =Γ N  then 

)(];,[:{],[ NEINMNMI ∈∈= βααα  for all ]},[ MN∈β . 
Proof.(a)(1). Let ],[ NMI∈α  then )()( NJmI ⊆α , so for any 

],[ MN∈β ; ME∈βα  and )()( MJmI ⊆αβ . Thus, )( MEI∈βα . 
(2) Let ],[ NMI∈α  then )()( NJmI ⊆α , so for any ],[ MN∈β ; 

NE∈αβ  and )()( NJmI ⊆αβ . Thus، )( NEI∈αβ . 
(b). Suppose that ],[],[Tot NMINM = and }0{)( =Γ M . Let 

],[ NM∈α such that )( MEI∈βα  for all ],[ MN∈β . 
Suppose ],[ NMI∉α then ],[Tot NM∉α , so there exists 

],[ MN∈β  such that ME∈=≠ 2)(0 βαβα , since )()( MJmI ⊆αβ  
and MmI ⊕⊆)( αβ  then }0{)()( =Γ∈ MmI αβ , a contradiction. 

(c). Suppose that ],[],[Tot NMINM =  and }0{)( =Γ N . Let 
],[ NM∈α  such that )( NEI∈αβ  for all ],[ MN∈β . Suppose 

],[ NMI∉α  then ],[Tot NM∉α , so there exists ],[ MN∈γ  such 
that NE∈=≠ 2)(0 αγαγ . Since )()( NJmI ⊆αγ  and NmI ⊕⊆)(αγ  
then }0{)()( =Γ∈ NmI αγ , a contradiction. Thus ],[ NMI∈α . 

Lemma 5.10. Let RM , RN  be modules. The following statements 
are equivalent: 

(1) If ],[\],[ NMINM∈α , there exists ],[ MN∈β ; 

ME∈=≠ 2)(0 βαβα  and )( MEI∉βα . 
(2) If ],[\],[ NMINM∈α , there exists ],[ MN∈β ; 

NE∈=≠ 2)(0 αβαβ  and )( NEI∉αβ . 
(3) If ],[\],[ NMINM∈α , there exists ],[ MN∈γ ; 

],[ MNI∉=γγαγ . 
Proof. Suppose (1) holds. Then ME∈=≠ 2)(0 βαβα  and 

)( MEI∉βα  for some ],[ MN∈β . By letting ],[ MN∈= βαβγ  we 
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have 0≠=γγαγ  and ],[ MNI∉γ  because )( MEI∉βα , giving 
(3). Suppose (3) holds. Then ME∈=≠ 2)(0 γαγα  and 

)( MEI∉γα because ],[ MNI∉γ gives(1). Similarly, the equivalence 
(2)⇔ (3) holds. 

We call that ],[ NM  is −I semipotent if the conditions in lemma 
5.10 are satisfied. 

Theorem 5.11. Let RM , RN  be modules then the following hold: 
(1) If }0{)( =Γ M then ],[],[Tot NMINM =  if and only 

if, ],[ NM  is −I semipotent. 
(2) If }0{)( =Γ N then ],[],[Tot NMINM =  if and only if, 

],[ NM  is −I semipotent. 
In particular, if }0{)( =Γ M  then )()(Tot MM EIE =  if and only if, 

ME  is an −I  semipotent ring. 
Proof. (1). Suppose that }0{)( =Γ M . )(⇒  let 

],[\],[ NMINM∈α  then ∉α  ],[Tot NM , so ME∈=≠ 2)(0 βαβα  
for some ],[ MN∈β and )( MEI∉βα  because }0{)( =Γ M . This 
shows that ],[ NM  is I-semipotent. )(⇐  Since }0{)( =Γ M  it is easy 
to see that ],[Tot ],[ NMNMI ⊆ . Let ],[Tot NM∈α  and suppose 

],[ NMI∉α  so, for any ],[ MN∈β , either 0=αβ  or 2)(αβαβ ≠ . 
Hence ],[ NM  is not −I  semipotent. Similarly (2) holds. 

Let 
 }0{)(:{)( =Γ−∈=Φ MRodmMRI and 

∀= ];,[],[Tot NMINM }RodmN −∈  
}0{)(:{)( =Γ−∈=Γ NRodmNRI  and ∀= ];,[],[Tot NMINM  

}RodmM −∈  
We define the following two sets: 
 (a) )(RSI Φ  the set of all modules RodmM −∈  which satisfies 

the following properties: 
(1) }0{)( =Γ M . 
(2) ME  is an −I semipotent ring. 
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(3) For any RodmN −∈ ; 
)(];,[:{],[ MEINMNMI ∈∈= αβαα  for all ]},[ MN∈β . 

(b) )(RSI Γ  the set of all modules RodmN −∈  which satisfies 
the following properties: 

(1) }0{)( =Γ N . 
(2) NE  is an −I semipotent ring. 
(3) For any RodmM −∈ ; 

)(];,[:{],[ NEINMNMI ∈∈= βααα  for all ]},[ MN∈β . 
Theorem 5.12. The following hold: 
(1) )()( RSIRI Φ=Φ . 
(2) )()( RSIRI Γ=Γ . 
(3) )()( RIRI Γ=Φ . 
Proof. ))(1( ⇒ . Let )(RIM Φ∈  then }0{)( =Γ M  and 

],[],[Tot NMINM =  for all RodmN −∈ . So, )()(Tot MM EIE =  
and by theorem 5.11، ME  is an −I semipotent ring. On the other 
hand, by proposition 5.9(b) we have for any RodmN −∈ ; 

)(];,[:{],[ MEINMNMI ∈∈= αβαα  for all ]},[ MN∈β . So, 
)(RSIM Φ∈ .  

)(⇐ . Let )(RSIM Φ∈  then }0{)( =Γ M . Let RodmN −∈  and 
],[ NMI∈α  then )()( NJmI ⊆α . Suppose that ],[Tot NM∉α  then 

there exists ],[ MN∈β  such that ME∈=≠ 2)(0 βαβα . So, 
MmI ⊕⊆≠ )(0 βα  and }0{)()( =Γ∈ MmI βα , a contr-adiction. 

Thus, ],[Tot ],[ NMNMI ⊆ . Let ],[Tot NM∈α  and suppose that 
∉α  ],[ NMI , since )(RSIM Φ∈  then there exists ],[ MN∈β  such 

that )( MEI∉βα . Since ME  is an −I semipotent ring there exists 

ME∈γ  such that ∉= γγαβγ )(  )( MEI  thus, 

ME∈=≠ 2])[()(0 αβγαβγ  and ],[ MN∈γβ , a contradiction, hence 
],[Tot NM∈α , therefore ],[ NMI∈α . Thus، 

],[],[Tot NMINM =   for any RodmN −∈ , so )(RIM Φ∈ . 
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))(2( ⇒ . Let )(RIN Γ∈  then }0{)( =Γ N  and 
],[],[Tot NMINM =  for all RodmM −∈ . So, )()(Tot NN EIE =  

and by theorem 5.11, NE  is an −I semipotent ring. On the other 
hand, by proposition 5.9(c) we have for any RodmM −∈ ; 

)(];,[:{],[ NEINMNMI ∈∈= βααα  for all ]},[ MN∈β . So، 
)(RSIN Γ∈ . Let )(RSIN Γ∈  then }0{)( =Γ N . Let RodmM −∈  

and ],[ NMI∈α  then )()( NJmI ⊆α . Suppose that ],[Tot NM∉α  
then there exists ],[ MN∈β  such that NE∈=≠ 2)(0 αβαβ . 
So, NmI ⊕⊆≠ )(0 αβ  and ∈)(αβmI  }0{)( =Γ N , a cont-radiction. 
Thus, ],[Tot ],[ NMNMI ⊆ . Let ],[Tot NM∈α  and suppose that 

],[ NMI∉α , since )(RSIN Γ∈  then there exists ],[ MN∈β  such 
that ∉αβ  )( NEI . Since NE  is an −I  semipotent there exists 

NE∈γ  such that ∉= γγβαγ )(  )( NEI  thus, 

NE∈=≠ 2])[()(0 γβαγβα  and ],[ MN∈γβ , a contradiction, 
hence ],[Tot NM∈α , therefore ],[ NMI∈α . Thus، =],[Tot NM  

],[ NMI  for any RodmM −∈ , so )(RIN Γ∈ . (3). By (1) and (2).  
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