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ABSTRACT 
The object of this paper is to study the relationship between certain ring R 

and endomorphism rings of free modules over R. Specifically, the basic 
problem is to describe ring R, which is endomorphism ring of all free R-
module, as a generalized right Bear ring. Call a ring R a generalized right Bear 
ring if any right annihilator contains a nonzero idempotent. A structure 
theorem is obtained: endomorphism ring of a free module F is a generalized 
right Bear ring if and only if every closed submodule of F contains a direct 
summand of F. It is shown that every torsionless R-module contains a 
projective R-module if endomorphism ring of any free R-module is a 
generalized right Bear ring. 

 
 

Key words: Projective module, Torsinoless module, Closed 
module, Bear ring, Endomorphism ring. 
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  حلقـات بيـر المعممـة
  

  حمزة حاكمي ومحمد الشيخ 
  

  قسم الرياضيات ـ كلية العلوم ـ جامعة دمشق

  
11/03/2004تاريـخ الإيداع   
28/05/2005قبل للنشـر في   

  

  المـلخص
 ـ      وبي Rموضوع هذا البحث هو دراسة العلاقة بين حلقة ما          ،Fرن حلقة الإندومورفيزمات لمـودول ح

وبشكل خاص فقد تم وصف الحلقة التي تكون لأجلها حلقة الإندومورفيزمات لأي مودول       . فوق هذه الحلقة  

حيث تم إثبـات أن الـشرط الـلازم والكـافي لكـي تكـون حلقـة                 .  حلقة بير المعممة   ، وهي حر فوقها 

 من هذا المودول الحر حـداً        مغلق كل مودول جزئي  الإندومورفيزمات لمودول حر حلقة بير هو أن يحوي         

  .مباشراً

فإن كـل   ,  حلقة بير المعممة   Fكذلك فقد تم إثبات أنه إذا كانت حلقة الاندومورفيزمات لمودول حر            

  . يحوي مودولاً إسقاطياFًمودول جزئي دون فتل من 

  

  

 ، حلقة بير  ، المودول المغلق  ، المودول دون فتل   ، المودول الإسقاطي  :يةالكلمات المفتاح 

  .حلقة التشاكلات لمودول



Damascus University Journal for BASIC SCIENCES Vol. 21, No 1, 2005  

 11

  
Throughout this paper R  means an associative ring with identity 

element, and modules mean unitary R -modules. 
For any non-empty subset A  of a ring R , we denote the right 

annihilator of A in R  by }0;:{)( =∈= AaRaaAr . Similarly, the left 
annihilator of A  in R  denoted by }0;:{)( =∈= aARaaAl . A right 
ideal of the form )(Xr  for some non-empty subset X  of R , is called 
a right annihilator. A left annihilator is defined similarly. 

Now, we begin with the following lemma. 
 
Lemma 1. For any ring R  , the following statements are 

equivalent: 
(1)- For any non-empty subset A  of R  there exists an 

idempotent Rf ∈≠1  (resp. Rf ∈≠0 ) such  that 
RfAl ⊆)( (resp. )(Alf ∈ ). 

(2)- For any non-empty subset B  of R  there exists an 
idempotent Re∈≠0  (resp. Re∈≠1 ) such that )(Bre∈   
(resp. eRBr ⊆)( ).  

(3)- For any non-empty subset D  of R  there exists an 
idempotent Rg ∈≠1  such that aga =  (resp. gaa = ) for all 

Da∈ . 
Proof. (1)⇒ (2). Let B  be a non-empty subset of R  and )(Brb∈ . 

Then 0=yb  and )(bly∈  for all  By∈ . By (1) there exists an 
idempotent Rf ∈≠1  such that Rfbl ⊆)( . Thus  0)1( =− by   for all  

By∈ . Therefore )()1( Brf ∈−  and 1-f  is a nonzero idempotent of 
R . 

(2)⇒ (3). Let D  be a non-empty subset of R , by (2), )(Dr  
contains a nonzero idempotent e , therefore  0=De  and  )1( eaa −=   
for all Da∈ , where Re∈−≠ 11  is an idempotent.  

(3)⇒ (1). It is clear.  
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Definition. We call a ring R a generalized right (resp. left) Baer 
ring if it satisfies the equivalent conditions of lemma 1. A ring, which 
is both generalized right and left, is called generalized Baer ring. 

Following [1], we call a ring R  Baer ring if every annihilator 
right ideal of R is generated by an idempotent, or equivalently, every 
annihilator left ideal of R is generated by an idempotent. It is clear 
every Baer ring is a generalized Baer ring. 

 
Lemma 2. If R  is a generalized right (resp. left) Baer ring, so is 

the ring eRe for all  idempotent e  of R . 
Proof. Let A  be a non-empty subset of eRe, write for )(Ale the left 

annihilator  of A  in eRe. Note that =)(Ale eRe )(AlΙ . Since, RA ⊆  
and R  is a generalized right Baer ring, there exists an idempotent 

1≠f  in R  such that RfAl ⊆)( .On the other hand, )()1( Ale ∈− , 
therefore Rfe ∈− )1( and ferffrfe )1()1( −===−  for some Rr ∈ . 
So that )1( eeff −+=  from which follows efefe = . Thus 

1≠= feg is an idempotent in eRe. Suppose ( ) ( )∩=∈ AlAlx e eRe, 
then RfAlx ⊆∈ )(  and xfx = , ∈=== xgxfexex eReg. Therefore 
( )Ale ⊆ eReg. 

For any R -module M , ∗M denotes ),( RMHomR and S  denotes 
)(MEnd R . Also for any submodule A  of M , and for any  non-empty 

subset I  of S , we denote  
{ }0;:)( =∈= IyMyyAK , { }0)(;:)( =∈= AfSffAN , 

{ }AMSAQ ⊆∈= )(;:)( ψψψ , { }0)(;: =∈=′ ∗ AMA µµµ , 
{ }0;: =′∈=′′ yAMyyA  

It is easy to see that )(AK  is a submodule of M , )(AN  is a left 
ideal in S  and AAA ′′′′⊆ ,  is  a submodule of M . 

Following [2], let A  be a submodule of R -module M , we call a 
submodule A ′′  a closer to A . And A  is called a closed submodule if 

AA ′′= . We will need some results from paper [2] which are 
mentioned throughout the following lemma. 
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Lemma 3. If A  is  a submodule of a free R -module F  then: 
(1)-   Ι

)(

))((
ANx

KerxANKA
∈

==′′
α

α    [1, lemma 4]. 

(2)-    Let  { }αxI =   be a subset of S , then 

- If  ∑
∈

=
Ix

xA
α

αIm ,         then  )()( ANIl =     [1, lemma 

5]. 
- If  Ι

Ix

KerxD
∈

=
α

α ,        then   )()( DQIr =   [1,lemma 

6]. 
(3)- AANK =))((  if and only if Ι

ℑ∈

=
ασ

ασKerA  for some subset ℑ  

in S . [1, corollary 3]. 
 
Proposition 4. Let F be a free R -module and { }αxI = be a subset 

of  )(FEndS R= , then the following conditions are equivalent: 
(1)-  SeIl ⊆)(  for some idempotent e  of S . 

(2)-  The closer to  ∑
∈

=
Ix

xA
α

αIm  contains a direct summand of F . 

Proof. (1)⇒ (2). Assume SeIl ⊆)(  for some idempotent e  of S . 
By lemma 3(2) we have )()( ANIl =  where ∑

∈

=
Ix

xA
α

αIm . Therefore 

by lemma 3(1)  

Ι
)(

))((
AN

KerANKA
∈

==′′
ασ

Ι
)( Il

Ker
∈

=
ασ

αα σσ . 

Let )(Il∈ασ , then eλσα =  for some S∈λ  and ασKerKere ⊆  
for all )(Il∈ασ . This shows  that Ι

)( Il

AKerKere
∈

′′=⊆
ασ

ασ , where 

Ker e  is a direct summand of F  .  
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(2)⇒ (1). Suppose that 0F  is a direct summand of F , and 0F A ′′⊆ . 
Then PFF ⊕= 0  where P  a submodule of F . Let e  be the 
projection of F  onto P , then it is easy to see that  e  is an idempotent 
of  S and  xxe =)(   for all Px∈ . Let )(Ilg ∈  by lemma 3 

)()()( ANANIlg ′′==∈ , and oAg =′′ )( . Since AFo ′′⊆  
follows oFg o =)( . Let Fy∈ , then 21 yyy +=  where 

PyFy o ∈∈ 21 , , therefore  

)()()()( 221 ygygygyg =+=  
but =+= )()()( 21 ygeygeyge )()( 2 ygyge = .Thus )()( ygeyg =  

for all Fy∈ . From this fact follows Segeg ∈= . Thus our proof is 
completed. 

 
Proposition 5. Let F be a free R -module and { }αxI =  be a subset 

of )(FEndS R= , then the following conditions are equivalent: 
(1)-  There exists an idempotent  f   of  S  such that  fSIr ⊆)( . 
(2)-  There exists an idempotent  e  of  S   such that  )(Ile∈ . 

(3)- The submodule  ∑
∈

=
Ix

xA
α

αIm  contained in a direct summand 

of F . 
Proof. (1)⇔ (2) it follows from lemma 1. 
 (2)⇒ (3). Let e be an idempotent of S such that )(Ile∈ , and let 

Ix ∈α , then oex =α , so Kerex ⊆αIm  for all  Ix ∈α . Thus 

∑
∈

⊆=
Ix

KerexA
α

αIm , where Ker e is a direct summand of F . 

(3)⇒ (2). Assume ∑
∈

⊆=
Ix

FxA
α

α 0Im  where oF  a direct summand 

of F . Then PFF o ⊕=  where P a submodule of F . Suppose 
PFf →:  the projection of F  on to P . Thus 0)( =oFf , oAf =)(  

by lemma 3(2) )()( IlANf =∈ . 
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Proposition 6. Let F be a free R -module and { }αxI =  be a subset 

of )(FEndS R= ,  then the following conditions are equivalent: 
(1)-  There exists an idempotent  f   of  S  such that )(Irf ∈  . 

(2)-  Ι
Ix

KerxB
∈

=
α

α contains a direct summand of F . 

Proof. (1)⇒ (2). Let f  be an idempotent of  S   such that 
)(Irf ∈ , by lemma 3(2) )()( BQIrf =∈  where Ι

Ix

KerxB
∈

=
α

α . Thus 

Bf ⊆Im  and Imf  is a direct summand of F . 
(2)⇒ (1). Let oF  be a direct summand of F  such that BFo ⊆ , 

then PFF o ⊕=  where P a submodule of F . Suppose f the 
projection of F  onto oF , then f is an idempotent of  S  and 

BFf o ⊆=Im . Thus by lemma 3(2) )()( IrBQf =∈ . 
 
Theorem 7. Let F  be a free R -module and )(FEndS R= , then 

the following conditions are equivalent: 
(1)- ∑

∈

′′
Ix

x
α

α )Im(  contains a direct summand of F , for any 

subset { }αxI =  of  S . 

(2)- The submodule Ι
Ix

Kerx
∈α

α contains a direct summand of F , 

for any subset { }αxI =  of  S . 
(3)- Every closed submodule of F contains a direct summand of 

F .  
(4)-  The ring  S   is a generalized right Baer ring. 
Proof. (1)⇔ (2)  it follows from proposition 4. 
(2)⇔ (4)  it is clear by using proposition 6. 
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(3)⇒ (4). Let Ι
Ix

KerxB
∈

=
α

α , then by lemma 3(3), ))(( BNKB =  

therefore BB ′′= , thus B  is closed submodule of F , by our 
hypothesis B  contains a direct summand of F . by proposition 6 
there exists an idempotent  f  of  S   such that )(Irf ∈ . Thus, we 
have that S  a generalized Baer ring. 
(4)⇒ (3). Let A  be a closed submodule of F , then AA ′′= , by 

lemma 3, ))(( ANKAA =′′= , therefore Ι
Ix

KerxB
∈

=
α

α  for  some 

subset { }αxI =  of  S . Since S  is a generalized Baer ring there exists 
an idempotent e  of S  such that )(Ire∈ . Thus by proposition 6, 

Ι
Ix

KerxB
∈

=
α

α  contains a direct summand of F . 

 
Theorem 8. Let F  be a free R -module and )(FEndS R= , then 

the following conditions are equivalent: 
(1)- The submodule ∑

∈Ix

x
α

αIm  contained in a direct summand of 

F , for any subset { }αxI =  of  S . 
(2)-  Every submodule of F  contained in a direct summand of F . 

(3)-  The ring S   is a generalized Baer ring. 
Proof. (1)⇔ (3) it follows from proposition 5.  
(2)⇒ (1)  it is clear. 

(1)⇒ (2)  it follows from the fact, that any submodule of F  can be 
considered as sum of  images of some subset of S . 
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