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Last Lecture

* Mathematical Programming
* Linear Programming

* Optimization Examples
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Content

* Numerical Solvers
* Bisection
* Newton—-Raphson
* Golden-Section Search

* Example
* Exam
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Numerical Solvers

Global maximum
f(x) f'(x)=0 ,f"(x)<0

|
|
|
|
!
b

m———

Global minimum
f'(x)=0 ,f"(x)>0
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Bisection method

* Root finding tool

* Continuous functions

e Start with initial values of opposite signs
* Root position inside initial range

* Reduce range

* Get root within numerical tolerance
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Bisection

Find root of:
f(x) =0.15x3 —x%2 + x + 10

y = @(x)0.15*x."3-x.72+x+10;
fzero(y, -95)
-2.3720
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Bisection

Find root of:
f(x) =0.15x3 —x2 + x + 10

y = @0(x)0.15*x."3-x.72+x+10;
xl = -5; x2 =5;

step = 0.1;
for 1 = 1:100
vyl = y(x1);
y2 = y(x2);
plot ([x1 x2]1, [yl y21, 'r+’)

if (yl1 < 0)

x1l = x1 + step;
end
if (y2 > 0)

X2 = x2 - step;
end

end
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Bisection
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Bisection
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Bisection

* Number of steps
* Step size, fixed vs variable

* Bisection: split half range each iteration
* Keep range end points on differenty signs
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Bisection

function [x3, x4, ym] = bisec(xl, x2, V)

yl = y(x1); y2 = y(x2); xm = (x1+x2)/2; ym = y(xm);

if yl*y2 > 0
disp('Cannot have both end points at the same side')
return

end

if yl*ym > 0

X3 = xm; x4 = x2;
else

x3 = x1; x4 = xm;

end

end
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Bisection

y = @(x)0.15%x."3-x."2+x+10;

x1l = =5;
x2 = 5;
ym = 1;

while abs (ym) > le-4

[x1, x2, ym] = bisec(x1,

end
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Bisection
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Bisection
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Newton-Raphson «

* Root finding tool 0
* Continuous 57
differentiable function 40}
e Start with initial guess, 15
e.8. Xx=-5 ol

* [terate for better solution .|

* linear approximation ol

351/
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Newton—-Raphson

A

fG) = 7=

fOtne) = fO)

14
x —
f( ‘n) Xpi1 — Xn 15
-20 F
0—f(x,)
Flle) = 22
Xn+1 — Xn
_30_
X — oy — f (x n) -35
LTI (%) I TIPS e
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Newton—-Raphson

syms x
y = 0.15*x.73-x."2+x+10;
dy = diff(y,x);

x1l = =5;
fplot (y)
vl = 1;

while abs(yl) > le-4
vyl = subs(y, x1);
dyl = subs(dy, x1);
x2 = x1 - yl/dyl;
plot ([x1 x2], [yl 0], '—-*")
x1 = x2;

end
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Newton—-Raphson

* Needs function derivative
* no vertical tangent line

* can get numerical slope using two
points

 secant method: slower, easier

e Derivative cannot be zero

* Oscillating forever
x3 —2x+ 2
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Newton—-Raphson vs. Bisection

Find roots methods:

Convergence Rate Slow linear Faster quadratic

Convergence Guarantee Guaranteed if there is a root within initial Convergence is not guaranteed and is
range sensitive to the initial guess

Initial Guess Requires two initial guesses in opposite Requires a single initial guess that must be
signs close to the actual root

Function Requirements a continuous function a differentiable function

Computational Cost/lter Low (one function evaluation) Higher (function and derivative evaluation)

Complexity Simpler to implement More complex due to derivative

requirement
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Local Maximum

Find maximum value of:
f(x) =0.15x3 —x2 +x + 10

Intherange [-5 5]

y = €(x) 0.15*x."3-x."2+x+10;
fplot(y, [-5 2])

y2= @(x) —-(0.15%x.73-x.72+x+10) ;
x = fminbnd(y2, -5, 5) % 0.5742
y (%) $ 10.2729
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Golden-Section Search

* Extremum finding tool
* In a given range

* Only for unimodal function
* Single solution in range

* Reduce range size
* yvis unknown (unlike root)
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Golden-Section Search

* Y1 > Yo, = maximum on the left
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= 0.5742
= 10.2729
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Golden-Section Search

—

y = @(x)0.15*x."3-x.72+x+10; 10 |-
xl = -1; x2 = 3;
ratio = 0.25; °
epsilon = le-4; 8
while abs (x2-x1) > epsilon -1
d = x2-x1;
x3 = x1 + ratio * d; °f
x4 = x2 - ratio * d; 5|
y3 = y(x3); |
v4 = y(x4);
it (y3 > vy4) 3F
X2 = x4; i
else
x1l = x3; T
end 0
end !
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Golden-Section Search

—

y = @(x)0.15*x."3-x.72+x+10; 10 |-
xl = -1; x2 = 3;
ratio = 0.25; °
epsilon = le-4; 8
while abs (x2-x1) > epsilon -1
d = x2-x1;
x3 = x1 + ratio * d; °f
x4 = x2 - ratio * d; 5|
y3 = y(x3); |
v4 = y(x4);
if (y3 > v4) 3F
X2 = x4; i
else
x1l = x3; T
end 0
end !
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Golden-Section Search
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Golden-Section Search

Ration in first iteration
X; — X1

1 1
Xy —Xq

Ration in second iteration

2 2
Xy — X3 _ X3—X3

2 L2 1 1

Golden ratio when:

2 2 _ 1 1
xz_xg —xZ_X4
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Golden-Section Search

Same ratio
X;—Xi X3 —Xi i
— 7t
X3 — X Xz —X;
o e ;
b a_ oo 51
= — = Ratio ) b : | .
a+b b r | ]
a+b b |
b a 1
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Golden-Section Search

R41=- v
= - 1
R°+R—-1=0
R1 — _1618 4 =
R2 = 4+0.618 5l
g 0.6183 |

b X
a = 0.382(a + b) xi
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Example

* For gutter with this trapezoidal section:
* Find 6 for maximum area

A =2Xsin(0) X 2 x cos(@) + 4 x sin(0)

A =4 xsin(8) (1 + cos(0))

35
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Example

vy = Q@(x) 4*sin(x)* (l+cos(x));
x1 = 0; x2 = pi/2;
epsilon = le-4;

ratio = 0.382;
while abs (x2-x1) > epsilon
yl = y(x1); y2 = y(x2); d = x2-x1;
x3 = x1 + ratio * d;
x4 = x2 - ratio * d;
y3 = y(x3); vy4 = y(x4);
if (y3 > vy4)
X2 = x4;
else
x1l = x3;
end
end
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Example

vy = Q(x) 4*sin(x)* (l+cos(x)):;

x rad = 1.0472
x deg = 59.9999
y = 5.1962

37
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Previous Exams
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